Multiscale Methods for Shape Constraints in Deconvolution:

Confidence Statements for Qualitative Features
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Abstract

We derive multiscale statistics for deconvolution in order to detect qualitative fea-
tures of the unknown density. An important example covered within this framework is
to test for local monotonicity on all scales simultaneously. We investigate the moder-
ately ill-posed setting, where the Fourier transform of the error density in the deconvo-
lution model is of polynomial decay. For multiscale testing, we consider a calibration,
motivated by the modulus of continuity of Brownian motion. We investigate the per-
formance of our results from both the theoretical and simulation based point of view. A
major consequence of our work is that the detection of qualitative features of a density
in a deconvolution problem is a doable task although the minimax rates for pointwise

estimation are very slow.
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1 Introduction and Notation

Assume that we observe Y = (Y1,...,Y,) according to the deconvolution model
Y=X,4+¢, 1=1,...,n, (11)
where X;,¢;, i = 1,...,n are assumed to be real valued and independent, X; Ml x , € iid

and Y1, X, e have densities g, f and f, respectively. Our goal is to develop multiscale test
statistics for certain structural assumptions on f, where the density f. of the blurring

distribution is assumed to be known.

Structural assumptions or shape constraints are conveniently expressed in this paper as
(pseudo)-differential inequalities of the density f, assuming for the moment that f is suffi-
ciently smooth. Important examples are f/ = 0 to check local monotonicity properties as
well as f” = 0 for local convexity or concavity. To give another example, suppose that we
are interested in local monotonicity properties of the density f of exp(aX ) for a given a > 0.
Since f(s) = (as)~'f(a"'log(s)), one can easily verify that local monotonicity properties

of f may be expressed in terms of the inequalities f/ — af < 0.

Hypothesis testing for deconvolution and related inverse problems is a relatively new area.
Current methods cover testing of parametric assumptions (cf. [4, [33,[6]) and, more recently,
testing for certain smoothness classes such as Sobolev balls in a Gaussian sequence model
(Laurent et al. [32, B3] and Ingster et al. [27]). All these papers focused on regression
deconvolution models. Exceptions for density deconvolution are Holzmann et al. [24], Bal-
abdaoui et al. [3], and Meister [36] who developed tests for various global hypotheses, such
as global monotonicity based on classical Fourier inversion (see e.g. Carroll and Hall [7]).
The latter test has been derived for one fixed interval and allows to check whether a density

is monotone on that interval at a preassigned level of significance.

Throughout this work let F(f) = [exp(—iz-) f(z)dx denote the Fourier transform of
fe€L'(R)or f e L?(R) (depending on the context). As shape constraints, we consider a
general class of differential operators op(p) with symbol p, which can be written for nice f
as

op(e)1)(a) = o [ pla, OF (P (1.2

This class will be an enlargement of (elliptic) pseudo-differential operators by fractional
differentiation. Given data from model the goal is to identify intervals at a controlled
error level on which Re(op(p)f) £ 0 or Re(op(p)f) # 0, where Re denotes the projection
on the real part. If applied to op(p) = D or D? (ie. p(z,£) = i€ and p(x,&) = —€2,
respectively) with the differentiation operator Df := f’, our method yields bounds for the



number and confidence regions for the location of modes and inflection points of f. More-
over, we discuss an example related to Wiksell’s problem with shape constraint described
by fractional differentiation. Our work can be viewed as an extension of Chaudhuri and
Marron [8] as well as Diimbgen and Walther [I3] who treated the case op(p) = D™ (with
m = 1 in [I3]) in the direct case, i.e. when ¢ = 0. However, the approach in [§] does not
allow for sequences of bandwidths tending to zero and yields limit distributions depending
on the unknown quantities again. The methods in [I3] require a deterministic coupling
result. This allows to consider the multiscale approximation for f = Ijp ;] only but cannot
be transfered to deconvolution. Thus, a new theoretical framework as well as completely

different proving strategies have to be developed.

The statistic introduced in this paper investigates shape constraints of the unknown density
f on all scales simultaneously. Although qualitative hypotheses such as local monotonicity
seem, at a first glance, not to be expressible in terms of the Fourier transform, we can make
use of the following trick: Define S, ;,(-) = (- —t)/h and for a sufficiently smooth, positive
kernel ¢ supported on [0, 1], consider the test statistic Ty, := n—1/2 > p—q Re v p(Yy) with

su
e

vep(u) = % /J-"(Op(p)*(¢ ° St,h))(s)mds

and op(p)* is the adjoint of op(p) (in a certain space) with respect to the L2-inner product
(h1,h2) := [g h1(z)ha(z) dz. Then, in expectation, using Parseval’s identity,

BT = L2 Re [ F(op()*(6 0 51) () FIGs
=it Re [ (0p(p)" (60 Su) @) (2)dx = Vit (90 Sy Reop(®)f) (1)

for sufficiently regular functions f and ¢. As an example, consider op(p) = D. Then, the
functions ¢ oS, can serve as localized test functions for local monotonicity in the following
sense: Whenever we know that (¢ o Syp, f/) > 0, we may conclude that f(s1) < f(s2) for

some points s1 < s2 in [¢,t + h]. This gives rise to a multiscale statistic

<!Tm ~ET| )
up wp, —————— — Wy N

T,=s
(t.h) Std(T.)

where wy, and wy, are chosen in order to calibrate the different scales with equal weight,

while Std(7},) is an estimator of the standard deviation of T} p,.

The key result in this paper is the approximation of 7,, by a distribution-free statistic
that allows us to compute critical values. As mentioned before, our multiscale calibration
requires new techniques in order to determine the speed of convergence between T, and

its approximation. The main tool will be a strong approximation based on Hungarian



construction. This allows us on the one hand to extend the approach of [13], resulting for
example in simultaneous confidence statements for the existence and location of regions of
increase and decrease. On the other hand, our approach is statistically more informative
than pure testing. In fact, for given shape constraint, we construct objects which appear
to be similar to superpositions of confidence bands. These will be denoted as confidence
rectangles and allow us to identify regions where the shape constraints expressed in terms of
differential inequalities, as mentioned at the beginning of this section, hold with prescribed
probability. The strength of this approach lies in the fact that in contrast to sup norm bands
all scales can be used simultaneously and the control of the bias becomes dispensable. For

a more precise statement see Section [3]

It is a well-known fact (cf. Delaigle and Gijbels [I1]) that selection of an appropriate band-
width is a delicate issue in deconvolution models. One of the main advantages of multiscale
methods is that essentially no smoothing parameter is required. The main choice will be
the quantile of the multiscale statistic, which has a clear probabilistic interpretation. Fur-
thermore, our multiscale statistic allows to construct estimators for the number of modes
and inflection points which have a number of nice properties: On one hand, modes and
inflection points are detected with the minimax rate of convergence (up to a log-factor).
On the other hand, the probability that the true number is overestimated is very low, and
completely controlled by the quantile of the multiscale statistic. To state it differently, it
is highly unlikely that artefacts will be included in the reconstruction, which is a desirable
property in many applications. It is worth to note that neither assumptions are made on

the number of modes nor additional model selection penalties are necessary.

This paper deals with the moderately ill-posed case, meaning that the Fourier transform of
the blurring distribution decays at polynomial rate. In fact, we work under the well-known
assumption of Fan [16] (cf. Assumption , which essentially assures that the inversion op-
erator, mapping g — f, is pseudo-differential. This nicely combines with the assumption on
the class of shape constraints. Our framework includes many important error distributions
such as Exponential, y2, Laplace and Gamma distributed random variables. The special

case € = 0 (i.e. no deconvolution or direct problem) can be treated as well, of course.

For practical applications, we may use these models if for instance the error variable € is an
independent waiting time. For example let X; be the (unknown) time of infection of the i-th
patient, ¢; the corresponding incubation time, and Y; is the time when diagnosis is made.
Then, it is convenient to assume € ~ I'(r,0) (see for instance [10], Section 3.5). By the
techniques developed in this paper one will be able to identify for example time intervals
where the number of infections increased and decreased for a specified confidence level.

Another application is single photon emission computed tomography (SPECT), where the



detected scattered photons are blurred by Laplace distributed random variables (cf. Floyd
et al. [17], Kacperski et al. [28]).

The paper is organized as follows. In Section [2] we show how distribution-free approxima-
tions of multiscale statistics can be derived for general empirical processes under relatively
weak conditions. For the precise statement see Theorem [I] These results are transfered
to shape constraints and deconvolution models in Section In Section [4| we discuss the
statistical consequences and show how confidence statements can be derived. Theoretical
questions related to the performance of the multiscale method and numerical aspects are
discussed in Sections [5] and [6] In particular, for a number of cases, we are even able to
identify the asymptotically optimal kernel function ¢ as a beta kernel, where the degree
increases with the ill-posedness of the problem. Proofs and further technicalities are shifted
to the appendix and a supplementary part, which contains additionally various lemmas,
enumerated by B.1,B.2,...,C.1,C.2,...

Notation: We write T for the set [0, 1] x (0, 1]. < and 2 means larger (smaller) or equal up
to a constant and |z | is the largest integer which is not larger than x. supp ¢ denotes the
support of ¢. In the following, N is the set of non-negative integers. (-,-) denotes the L?-
inner product and || -[,, the L? norm on R. Furthermore, set TV(:) for the total variation of
functions on R. As custom in the theory of Sobolev spaces, we define (s) := (1+]s|?)Y/2. If it
is clear from the context, we write x%¢ to denote the function z — z¥¢(x) and similar (x)*¢
for the function x + (x)¥¢(z). The Sobolev space H™ is defined as the class of functions

with norm
2r 2 1/2
Il = ([ ()21 F(@)(s)Pds) < oo,
For any ¢ and ¢ € N, define HZ as the following Sobolev type space
H} = {y |2y e HY, for k=0,1,...,¢0 }.
The norm on H{ is given by [|¢)|| s := S ko l2* || ara for ¢ € HY.

2 A general multiscale test statistic

In this section, we shall give a fairly general convergence result which is of interest on its
own. The presented result does not use the deconvolution structure of model (1.1)). It only
requires that we have observations Y; = G_l(Ui), 1 =1,...,n with U; i.i.d. uniform on

[0,1] and G an unknown distribution function with Lebesgue density g in the class
G:=0.oq = {G | G is a distribution function with density g,
¢ < gl gl <y and g€ T(C) } (21)



for fixed ¢,C' > 0, 0 < ¢ < 1/2, and the Lipschitz type constraint
J = J(C,q) == {h | [Vh(z) = Vh(y)] < O+ |z +|yl)|z — y], for all 2,y € R}.

For a set of real-valued functions (¢ )¢, define the test statistic (empirical process) T}, =

n 230 un(Ye). Note that Std(Tyn) = (f ¥7,(s)g(s)ds)/? = [[ynllan/g(t) if ¢y is
localized around ¢. It will turn out later on that one should allow for a slightly regularized

standardization and therefore we consider
T3 — E[T 4]
V;E,h §n (t)

with Vi p, > [|9¢]]2 and g, an estimator of g, satisfying
sup |[gn — gllooc = Op(1/logn). (2.2)
Geg

Unless stated otherwise, asymptotic statements refer to n — co. We combine the single

test statistics for an arbitrary subset
By C {(t,h)] t€[0,1], h € [ln,un]} (2.3)

and consider for v > e and

/1 log ¥
. (2.4)

h = loglog ¥’

distribution-free approximations of the multiscale statistic

Ty, — E[T1]|
T,:= sup wp | ———F—==——4/2log%|. (2.5)
" wneB. < Vih vV Gn(1) "
Assumption 1 (Assumption on test functions). Given functions (Vin)(n)e7, numbers
(‘/t,h)(t,h)eTv and a set B, of the form (2.3|), suppose that the following assumptions hold.

(1) Forall (t,h) € T, [[¢enll2 < Vin-
(ii) We have uniform bounds on the norms

VRTV (@) + Vhl[Yenlloo + 22 el
sup S L
(th)ET Vi

(iii) There exists o > 1/2, such that

— 0.

™V (00 [Vo0) - Va®]()°)
Kp 1= sup Wh

(t,h)€Bn, GEG Vih



(i) There exists a constant K, such that for all (t,h),(t',h') € T,
Vh AV
Vin V Vi g

Theorem 1. Given a multiscale statistic of the form (2.5). Work in model (1.1)) under

Assumption and suppose that on T the process (t,h) — \/Evt—hl fwt,h(s)dWS has con-
3

[ = w2 + Wi = Vowl] < KVIE= €T+ T = I

tinuous sample paths. Assume that l,nlog™>n — oo and u, = o(1). Then, there ezists a

(two-sided) standard Brownian motion W, such that for v > e,

s)dW,
sup |T,, — sup wp (Wt?/()s‘ —4/2log Z) ‘ = Op(ry), (2.6)
G€Ge,cq (t,h)EBR t,h
with
7= sup ||gn — g logn 12108 Vunlog(1/um)
" GGE In =9 ©loglogn " loglogn =~ loglog(1/uy) "
Moreover,

th h(s)dWs|
sup wp | —————— —/2log¥ | <oo, a.s. 2.7
(th)ET ( Vi " 27

Hence, the approximating statistic in (2.6)) is almost surely bounded from above by (12.7)).

The proof of the coupling in this theorem (cf. Appendix is based on generalizing tech-
niques developed by Giné et al. [18], while finiteness of the approximating test statistic
utilizes results of Diimbgen and Spokoiny [12]. Note that Theorem |1| can be understood as

a multiscale analog of the L>-loss convergence for kernel estimators (cf. [19] 18, [5 20]).

To give an example, let us assume that v, 5, = ¢(%) is a kernel function. By Lemmas
and Assumption 1| holds for Vi, = |[1¢.1]l2 = V/h|1||2, whenever ¢ # 0 on a Lebesgue
measurable set, TV(y)) < oo and supp v C [0,1]. Furthermore, by partial integration, we
can easily verify that the process (¢, h) + |[¥|5" [ ¥4 (s)dWs has continuous sample paths
(cf. [12], p. 144).

Remark 1. As a side remark let us mention that it is also possible to choose By, in order
to construct (level-dependent) values for simultaneous wavelet thresholding. To this end
observe that c@k = Tho-io-i and djp = BTjg-io-i = [ro-io-i(s)g(s)ds = [(2/s —
k)g(s)ds are the (estimated) wavelet coefficients and if jon and ji, are integers satisfying

3

2= linplog™3n — 0o and jo, — 00, then, for a € (0,1), and

By ={(k277,27)| k=0,1,...,2/ = 1, jon <j < jin, jEN},



Theorem yields in a natural way level-dependent thresholds q; (), such that

n—o0

lim P(@k —d;i| < gj(a), for all j,k, with (k279,277) € Bn> —1-a.

Let us close this section with a result on the lower bound of the approximating statistic.

Theorem [1| shows that the approximating statistic is almost surely bounded from above.
Note that we have the trivial lower bound
log ¥
L>— w 8F
(t,h)eB, loglog 7

which converges to —oo in general and describes the behavior of T),, provided the cardinality
of By, is small (for instance if B,, contains only one element). However, if B, is sufficiently
rich, T}, can be shown to be bounded from below, uniformly in n. Let us make this more
precise. Assume, that for every n there exists a K, such that K,, — oo and

By, ={(#,%)|i=0,...,K,—1} C By. (2.8)

n

Then, the approximating statistic is asymptotically bounded from below by —1/4. This
follows from Lemma in the appendix. It is a challenging problem to calculate the
distribution for general index set B,, explicitly. Although the tail behavior has been studied
for the one-scale case (cf. [18, [5]) this has not been addressed so far for the approximating
statistic in Theorem [I} For implementation, later on, our method relies therefore on Monte

Carlo simulations.

3 Testing for shape constraints in deconvolution

We start by defining the class of differential operators in ((1.2)). However, before we make
this precise, let us define pseudo-differential operators in dimension one as well as fractional

integration and differentiation. Given a real m, consider S™ the space of functions a :
R x R — C such that for all «, 8 € N,

0008 a(z,€)| < Cap(1+1€))™™* for all z,¢ € R. (3.1)

Then the pseudo-differential operator Op(a) corresponding to the symbol a can be defined

on the Schwartz space of rapidly decreasing functions S by

Op(a): S — S



It is well-known that for any s € R, Op(a) can be extended to a continuous operator
Op(a) : H™"S — H*. In order to simplify the readability, we only write Op for pseudo-
differential operators and op in general for operators of the form . Throughout the
paper, we write (& = exp(amisign(s)/2) and understand as usual (4is)® = |s|*F*. The
Gamma function evaluated at « will be denoted by T'(«). Let us further introduce the

Riemann-Liouville fractional integration operators on the real axis and for o > 0, by

en) ) = [ D amd ()@ = o [ D g )
M) J oo (. —1) » (t—7)

For f > 0, we define the corresponding fractional differentiation operators (Dih)(x) =
D17 Ph)(x) and (DPh)(z) = (=D)*(I" " f)(x), where n = |3] + 1. For any s € R, we
can extend Df}r and D” to continuous operators from HPT* — H* using the identity (cf.
[29], p.90),

F(DER)(€) = (Fi&)PF(h)(€) = 1|6 F (R) (£). (3.3)

In this paper, we consider operators op(p) which “factorize” into a pseudo-differential oper-
ator and a fractional differentiation in Riemann-Liouville sense. More precisely, the symbol

p is in the class
S = { (2,€) > pla,€) = alw, E)EPE [ a € S, m=m+7, v € {0} U[1,00), peR }.

Let us mention that we cannot allow for all v > 0 since in our proofs it is essential that
852])(13,{) is integrable. The results can also be formulated for finite sums of symbols, i.e.

ijl pj and p; € S™. However, for simplicity we restrict us to J = 1.

Throughout the remaining part of the paper, we will always assume that op(p) f is continu-
ous. A closed and axes-parallel rectangle in R? with vertices (a1, b1), (a1, b2), (a2, b1), (az, b2),
a1 < ag, by < by will be denoted by [a1,as] X [b1, ba].

The main objective of this paper is to obtain uniform confidence statement of the following
kinds:

(1) The number and location of the roots and maxima of op(p) f.

(74) Simultaneous identification of intervals of the form [t;,¢; + hs), t; € [0,1],h; > 0, i
in some index set I, with the following property: For a pre-specified confidence level
we can conclude that for all i € I the functions (op(p)f)|, 1, +n, attain, at least on a

subset of [t;,t; + h;], positive values.

(4i") Same as (i7), but we want to conclude that (op(p)f)l, ¢+, has to attain negative

values.



(7it) For any pair (t,h) € B, with B, as in , we want to find b_(¢, h, «) and b (¢, h, a),
such that we can conclude that with overall confidence 1 — «, the graph of op(p)f
(denoted as graph(op(p)f) in the sequel) has a non-empty intersection with every
rectangle [t,t + h] x [b_(t, h, @), by (t, h, a)].

In the following we will refer to these goals as Problems (i), (i7), (i7') and (7ii), respec-
tively. Note that (i) follows from (iii) by taking all intervals [t, ¢+ h] with b_(¢, h, ) > 0.
Analogously, [t,t + h] satisfies (i7") whenever b, (¢, h,«) < 0. The geometrical ordering of
the intervals obtained by (i¢) and (ii’) yields in a straightforward way a lower bound for
the number of roots of op(p) f, solving Problem (7) (cf. also Diimbgen and Walther [13]). A
confidence interval for the location of a root can be constructed as follows: If there exists
[t,t + h] such that b_(t,h,a) > 0 and [f, + h] with b, (f,h,a) < 0, then, with confidence
1 —a, op(p) f has a zero in the interval [min(t, t), max(t 4 h, t + 71)] The maximal number

of disjoint intervals on which we find zeros is then an estimator for the number of roots.

Example 1. Suppose op(p) = D. In this case we want to find a collection of intervals [t,t+
h] such that with overall probability 1 — v for each such interval there exists a nondegenerate
subinterval on which f is strictly monotonically increasing.

To state it differently, suppose that f' is continuous and ¢ > 0 is a kernel with support on
[0,1], i.e. ¢ > 0 with fol o(x)dz = 1. If [ ¢pp(z)f'(x)dx > 0, then there is a nondegenerate
subinterval of [t,t+ h] on which ' > 0. In particular, we can reject the null hypothesis that
" <0 on[t,t+ h] at level 1 — . More generally, [ ¢pp(z)f'(x)dz € [a,b] implies by the
intermediate value theorem that the graph of f' intersects the rectangle [t,t+h]x[ah™!, bh™1]

in at least one point.

Example 2. Suppose that we want to analyze the convexity/concavity properties of U =
q(X) (for instance U = eX ), where q is a function, which is strictly monotone increasing
on the support of the distribution of X. Let fy denote the density of U. Then, by change

of variables

_ 1 -1
foly) = W) fla '),

and there is a pseudo-differential operator Op(p) with symbol

3(¢"(2))? — ¢"(2)q'(x)
(¢'(x))° ’

| ()7 () + 2" (x)
@) Gy <t

such that f{;(y) = (op(p)f)(¢~"(y)). Therefore,

p(df,f):— 252_

graph(op(p)f) N [t,t + h] x [b—(t,h, @), by (t, h, )] # @

10



implies
graph(f7) N [a(t), a(t + h)] x [b—(t, h, @), by (t, h, )] # 2.
In particular, if b_(t,h,a) > 0 then, with confidence 1 — o, we may conclude that fy is

strictly convex on a nondegenerate subinterval of [q(t), q(t + h)].

Example 3 (Noisy Wiksell problem). In the classical Wiksell problem, cross-sections of
planes with randomly distributed balls in three-dimensional space are observed. From these
observations the distribution H or density h = H' of the squared radii of the balls has to be
estimated (cf. Groeneboom and Jongbloed [22]). Statistically speaking, we have observations
X1,..., Xy with density f satisfying the following relationship (cf. Golubev and Levit [21)])
1- H(z) /OO IOy (LI ) (x),  for all z € [0, 00),
R
where < means up to a positive constant and I£/2 as n . Suppose now, that we are
interested in monotonicity properties of the density h = H' on [0,1]. For x > 0, —h' <0
iff the fractional derivative of order 3/2 satisfies (Di/Qf)(a:) = DQ(Ii/Qf)(J:) < 0. It is
reasonable to assume in applications that the observations are corrupted by measurement
errors, which means we only observe Y; = X; + €;, as in model . This means we

are in the framework described above and the shape constraint is given by op(p)f < 0 for
-3/2
p(x,€) = 2|2,

In order to formulate our results in a proper way, let us introduce the following definitions.
We say that a pseudo-differential operator Op(a) with a € S™ and S™ as in , is elliptic,
if there exists &y, such that |a(x,§)| > K|£|™ for a positive constant K and all £ satisfying
|€] > |&o]. For instance in the framework of Example [2| ellipticity holds if ||¢/||cc < oo.
Furthermore, for an arbitrary symbol p € S™ let us denote by Op(p*) the adjoint of Op(p)
with respect to the inner product (-,-). This is again a pseudo-differential operator and
p* € S™. Formally, we can compute p* by p*(x,&) = e%%p(x, ), where p denotes the
complex conjugate of p. Here the equality holds in the sense of asymptotic summation (for
a precise statement see Theorem 18.1.7 in Hérmander [25]). Now, suppose that we have a
symbol in S™ of the form al¢|7:f = a(z,§)|¢|"¢; with a € S™ and 7 + v = m. Since for

any u,v € H™,

(op(al¢["eg )u, v) = (Op(a) op(|€]7e¢ )u, v) = (op(|&]” ¢ )u, Op(a®)v)
= (u,op(|¢]"1¢") Op(a®)v) (3.4)
we conclude that F(op(al¢|7ef)*¢) = [§|7e " F(Op(a*)s) for all ¢ € H™.

In order to formulate the assumptions and the main result, let us fix one symbol p € S™

and one factorization p(z,§) = a(z, §)|£PLZ with a,, 1 as in the definition of S™.

11



Assumption 2. We assume that there is a positive real number r > 0 and constants
0 < C; < Cy < ¢ such that the characteristic function of € is bounded from below and
above by

Ci(s)™" < |Ee™| = |F(fo)(s)| < Culs)™" for all s € R.
Moreover, suppose that the second derivative of F(fe) exists and

() DF(f)(s)| + (s)2|D?>F(f)(s)| < Cu(s)™" for all s € R.

These are the classical assumptions on the decay of the Fourier transform of the error
density in the moderately ill-posed case (cf. Assumptions (G1) and (G3) in Fan [16]).
Heuristically, we can think of F(f¢) as an elliptic symbol in S~".

Let Re denote the projection on the real part. For sufficiently smooth ¢, consider the test

statistic
Tt,h = T k; € Vt,h Yk k; (§ Uth Uk)) (3.5)
with
v =F (N (C)F(Op(a*) (¢ o Sin))) (3.6)
and
Ms) = Mi(s) = ol (3.7

From (|1.3) and (3.4, we find that for f € H™,
BTy = vit (60 Si)(z) Re (op(p)) (2)d.
Proceeding as in Section [2| we consider the multiscale statistic
Ty — E[T ]|
T, = sup wp —4/2log¥ |, (3.8)

(t,h)€Bn (\/gn ) llvenll2 "

i.e. with the notation of (2.5]), we set ¢y := Revyy, and Vi p, := |lvgp 2. Define further
R AW,
T(W):= sup wp [ J Revin(s) | —4/2log 7 |-
(t,h)E B ve,nl2

Theorem 2. Given an operator op(p) with symbolp € S™ and let T,, be as in (3.8). Work
in model (1.1)) under Assumption . Suppose that
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(i) lynlog™3n — oo and u, = o(log™>

n),
(ii) ¢ € 1"-I4L7"+m+5/2J7 supp ¢ C [0,1], and TV(DL+m+5/214) < o0,

(71i) Op(a) is elliptic.

Then, there exists a (two-sided) standard Brownian motion W, such that for v > e,

sup |1, —T,.°(W)| = op(rpn), (3.9)
Gegc,c,q
with
~ logn _1/9 — log®/?n
_ _ _o8n L y-12,-1/2108 0 1 1/21063/2
n Zig“g” gHOOloglogn no loglogn+u" R
Moreover,

R dw,
sup  wp, [ [ Reven(s)dIW,| —4/2logy | <oo, as. (3.10)
(th)eT [[vt,nll2
Hence, the approximating statistic T;°(W) is almost surely bounded from above by (3.10)).

One can easily show using Lemma that if B,, contains and the symbol p does not
depend on t, then, the approximating statistic is also bounded from below. Furthermore,
the case € = 0 can be treated as well (we can define F(fe) = 1 in this case). In particular,
our framework allows for the important case e = 0 and op(p) the identity operator, which

cannot be treated with the results from [13].

For special choices of p and f, the functions (v )¢ 5 have a much simpler form, which allows
to read off the ill-posedness of the problem from the index of the pseudo-differential operator
associated with vy . Let us shortly discuss this. Suppose Assumption |2| holds and addition-
ally (s)¥|D*F(f)(s)| < Cr(s)™" for all s € R and k = 3,4,... Then (z,&) — F(f)(—£€) de-
fines a symbol in S~". Because of the lower bound in Assumption 2 Cj(¢)™" < |F(f)(=€)|,
the corresponding pseudo-differential operator is elliptic and (z,&) — 1/F(fe)(=&) is the
symbol of a parametrix and consequently an element in S” (cf. Hérmander [25], Theorem
18.1.9). If p € H™™™ and p € S™ N S™, then

vrn (1) = % /]:(Op (F750) © Op(P*) (¢ 0 Spp) ) (s)e™™ ds

=Op (W) o Op(p*) (¢ o St,h) (u).

Pseudo-differential operators are closed under composition. More precisely, p; € S,

j = 1,2 implies that the symbol of the composed operator is in S™ 72, Therefore, there

13



is a symbol p € S™" such that v,, = Op(p)(¢ o Sin). Hence, for fixed h, the function
t — v, can be viewed as a kernel estimator with bandwidth h. Furthermore, the problem
is completely determined by the composition Op(p) and this yields a heuristic argument
why (as it will turn out later) the ill-posedness of the detection problem Reop(p)f < 0 in
model is determined by the sum m + r, i.e.

ill-posedness of the shape constraint + ill-posedness of the deconvolution problem.

Suppose further that r» and m are integers and Op(p) is a differential operator of the form

m
> ap(x)D* (3.11)
k=1

with smooth functions ax & = 1,...,m and a,, bounded uniformly away from zero. If

1/F(fe)(—-) is a polynomial of degree r (which is true for instance if e is Exponential,

Laplace or Gamma distributed) then Op(p) is again of the form but with degree m+r

and hence v, p, (u) is essentially a linear combination of derivatives of ¢ evaluated at (u—t)/h.

However, these assumptions on the error density are far to restrictive. In the following

paragraph we will show that even under more general conditions the approximating statistic

has a very simple form.

Principal symbol. In order to perform our test, it is necessary to compute quantiles of
the approximating statistic in Theorem[2] Since the approximating statistic has a relatively
complex structure let us give conditions under which it can be simplified considerably. First,
we impose a condition on the asymptotic behavior of the Fourier transform of the errors.
Similar conditions have been studied by Fan [15] and Bissantz et al. [5]. Recall that for
any a,a € R, s # 0, Di%s|* = D(is)¥(—is)® = aitd t|s|¢"! with a1 = (a + «)/2 and
as = (a —a)/2.

Assumption 3. Suppose that there exists By > 1/2, p € [0,4), and positive numbers A, C.,
such that

}AL@]S[T]:(fE)(S) — 1| + ‘Arilz’Lg’H|s|r+1D.7:(f€)(s) — 1‘ < C’e<s>750, for all s € R.

Assumption 4. Given m = {0} U[1,00) suppose there exists a decomposition p = pp + pr
such that pr € s for some m' < m, and

pp(,§) = ap(@)[|™g,  for all z,§ €R,

with (x,€) — ap(z) € S°, ap real-valued and |ap(-)| > 0.
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For s # 0, 12 = —1. Assume that in the special case m = 0 we have |p+p| < . Then, we can
(and will) always choose p and p in Assumptions [3| and 4 such that o = (r +m +p+ u)/2
and 7 = (r+m — p — pu)/2 are non-negative. The symbol pp is called principal symbol.
We will see that, together with the characteristics from the error density, it completely
determines the asymptotics. The condition basically means that there is a smooth function
b, such that the highest order of the pseudo-differential operator coincides with ap(x)D™.
Note that principal symbols are usually defined in a slightly more general sense, however

Assumption [4] turns out to be appropriate for our purposes.

In the following, we investigate the approximation of the multiscale test statistic

hr+m71/2 ‘Tt B — E[Tt h”
TTI: = sup wy — : : —4/2log % |, (3.12)
tmeBa - \VGu(0) [Aap@)] D62 "

DIDT ¢(521)dW
TES(W):= sup wy ) +r+;¢(ft) - \/2log % ] .
(t,h)€Bn 1D o () ll2
Theorem 3. Work under Assumptions[3,[3 and[]. Suppose further, that

—(3V(m—m/)~1) TL),

(i) lynlog™3n — oo and u, = o(log
(i1) ¢ € H3LT+m+5/2J, supp ¢ C [0,1], and TV(Dl+m+5/214) < 0,

(i1i) If m =0 assume that v > 1/2 and |p+ p| < r.

Then, there exists a (two-sided) standard Brownian motion W, such that for v > e,

sup
Gegc,c,q

Y — TP=(W)| = op (1),

and the approximating statistic Tr (W) is almost surely bounded from above by
s—t

| [ DEDLG(*F)dWs|
sup w P —4/2log% | < o0, a.s. 3.13
g h( AR AR (313

h

4 Confidence statements

4.1 Confidence rectangles

Suppose that Theorem [2| holds. The distribution of T);°(W') depends only on known quan-
tities. By ignoring the op(1) term on the right hand side of ({3.9]), we can therefore simulate

15



the distribution of T},. To formulate it differently, the distance between the (1 —«)-quantiles
of T,, and T)2°(W) tends asymptotically to zero, although T)°°(W) does not need to have a
weak limit. The (1 — a)-quantile of T);°(W) will be denoted by g, (7,>°(W)) in the sequel.

In order to obtain a confidence band one has to control the bias which requires a Holder
condition on op(p)f. However, since we are more interested in a qualitative analysis, it
suffices to assume that op(p)f is continuous (and f € H™ in order to define the scalar
product of op(p) f properly). Moreover, instead of a moment condition on the kernel ¢, we
require positivity, i.e. for the remaining part of this work, let us assume that ¢ > 0 and
J ¢(u)du = 1. Therefore, we can conclude that asymptotically with probability 1 — «, for
all (t,h) € By,

Tip —dip Tip+ dt,h}

<¢t,h,op(p)f>€[ AR

(4.1)

where
— > - log log ¥
dip = \/gn(t)anhHQ\ /2log 7 (1 + qo(T}; (W))W)
h
Using the continuity of op(p)f, it follows that asymptotically with confidence 1 — a, for
all (t,h) € By, the graph of z — op(p) f(x) has a non-empty intersection with each of the

rectangles
Tip—dipn Tep+dep
tt4+h [ ’ h 4 ’ 4.2
This means we find a solution of (iii) by setting
Tin—d T d
b (t,hya) = O ) = 2h T Oh (4.3)

hyn hymn
If instead Theorem [3| holds, we obtain by similar arguments that asymptotically with con-

fidence 1 — a, for all (¢, h) € B, the graph of x — op(p)f(x) has a non-empty intersection

with each of the rectangles

(4.4)

Tin — dfh T n —I-dfh}

[t,t—i—h]x[ R

with
loglog 7

P . ~ 1/2—m—r r+m 1% P,00
0 = VD A O[5 1o (14 an(TE V) EEER) (09
and ¢o (T°°°(W)) the 1 — a~quantile of Tj "> (W). Therefore we find a solution with
Tin+dp),
b_(t,h = —F, bi(t,h =
th) == brlbha) =g

Finally let us mention that instead of rectangles we can also cover op(p)f by ellipses. Note

P
TtJL - dah

that in particular a rectangle is an ellipse with respect to the || - ||« vector norm on R?, i.e.

(up to translation) a set of the form {(x1,z2) : max(a|xi|,b|za|) = 1} for positive a,b.
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Figure 1: If the graph of op(p)f intersects R; and Rp, then also R (left). If graph(op(p)f)
intersects R and Ry, then also R’ (right).

4.2 Structure on confidence rectangles

For any (¢,h) € B,, the multiscale method returns a rectangle of the form (or (4.4).
However, most of the rectangles are redundant since the fact that graph(op(p)f) intersects
these rectangles can be deduced already from the position of other rectangles (see for in-
stance Figure[l)) and the assumption that op(p)f is continuous. Naturally, we are interested
in the set of rectangles, which are informative in the sense that they contain information on
the signal, which cannot be deduced from other rectangles. Let us describe in three steps
(A), (B), (B’), how to discard redundant rectangles.

(A) Fix (t, h) € By,. Suppose there exists (t1, h1), (t2, ha) € By, ((t1, h1) and (t2, h2) not nec-
essarily different) such that [¢1,t1 4+ h1], [t2, ta+ha] C [t,t+h], by(t1, h1, @) < by (t, h,a) and
b_(tg, ha,a) > b_(t, h,a). Denote by R, R, Re the rectangle obtained from (¢, h), (¢1, h1)
and (t2, he), respectively (for an illustration see Figure [1). Since op(p)f is further as-
sumed to be continuous, then by intermediate value theorem, graph(op(p)f) N R1 # @ and
graph(op(p)f) N Ry # @ imply that graph(op(p)f) N R # @. Hence, in this case, R is

non-informative and will be discarded.

(B) Fix (t,h) € B, and denote the induced rectangle by R. Suppose there exists (t1,h1) €
By, such that [ti,t1 + hi] C [t,t + h] and b_(t1,h1, ) < b_(t,h,a) < by(t1,h, ) <
bi(t, h,a) (see Figure [I). Define R’ := [t,t + h] x [b_(t, h, ), by (t1, h1,a)]. Then, R’ is
contained in R and graph(op(p)f) N R’ # &. Therefore, we replace R by R'.

(B'): Same as (B), but consider the case b_(t, h, ) < b_(t1,h1, ) < by (t, h,a) < bi(t1, hy, ).
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With R’ := [t, t+h]x [b_(t1, h1, @), bs(t, h, @)] we obtain graph(op(p) f)NR' # &. Therefore,
we replace R by R’.

Throughout the following, let us refer to the remaining rectangles after application of
(A), (B) and (B’) as (set of) minimal rectangles.

4.3 Comparison with confidence bands

Let us shortly comment on the relation between confidence rectangles and confidence bands.
Fix one scale h = h,, and consider B,, = [0,1] x {h}. For simplicity let us further restrict
to the framework of Theorem [2| From (4.1]), we obtain that

Ty, —dep, T, d
t'—>[ t.h t.h Lin + t,h} (4.6)

hn | hyn

is a uniform (1 — a)-confidence band for the locally averaged function ¢ — 3 (¢ 1, op(p) f).
Restricting to scales on which the stochastic error dominates the bias | op(p) f—7 (¢, 0p(p) f)|
(for instance by slightly undersmoothing) we can, inflating by a small amount, eas-
ily construct asymptotic confidence bands for op(p)f as well. Note that Theorem [2| does
not require that s"F(f.)(s) converges to a constant and therefore we can construct confi-
dence bands for situations which are not covered within the framework of [5]. For adaptive
confidence bands in density deconvolution see the recent work by Lounici and Nickl [35].
However, the construction of confidence bands described above will not work on scales
where we oversmooth or if bias and stochas-

tic error are of the same order. The strength

of the multiscale approach lies in the fact that

for confidence rectangles all scales can be used op(p)f

simultaneously. This allows for another view
on confidence rectangles. The figure on the 5 &

right displays a band computed for a large | —
scale/bandwidth which obviously does not cover A ///A/

op(p)f. Now, take a point, ty say, then (4.2)) J

is equivalent to the existence of a point ¢{ € : T

[to, to+h] such that the confidence interval [A, B] ° ° 0

at to shifted to t{, contains op(p)f(t;). Thus, Figure: Obtaining confidence
confidence rectangles also account for the un- rectangles from bands.

certainty of ¢ — op(p)f(t) along the t-axis.
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5 Choice of kernel and performance of the multiscale statis-

tic

In this section, we investigate the size/area of the rectangles constructed in the previous
paragraphs. Recall that by the expectation of the statistic 7;; depends in general
on op(p). In contrast, Theorem [3| shows that the variance of T} depends asymptotically
only on the principal symbol, which acts on ¢ as a differentiation operator of order m + r.
Therefore, the m + r-th derivative of ¢ appears in the approximating statistic Tr (W),
but no other derivative does. In fact, we shall see in this section that the scaling property of
the confidence rectangles can be compared to the convergence rates appearing in estimation

of the (m + r)-th derivative of a density.

5.1 Optimal choice of the kernel

In the following, we are going to study the problem of finding the optimal function ¢.
If m +r € N and the confidence statements are formulated based on the conclusions of

Theorem [3] this can be done explicitly.

Note that for given (¢,h) € By, the width of the rectangle ([{4) is given by 2d7, /(hy/n).
Further, the choice of ¢ influences the value of df 5, in two ways, namely by the factor
| D ™|, = [|[D7F™¢||, as well as the quantile 4o (TE°(W)) (cf. the definition of dfh
given in (4.5))). Since « is fixed, we have

loglog 7

Ga (T (W) v
log 7

=o0(1).

Therefore, df ;, depends in first order on HD"ergéH2 and our optimization problem can be

reformulated as

minimize HDTH”QZ)‘

5, subject to /gf)(u)du =1.

This is in fact easy to solve if we additionally assume that ¢ € H? with r +m < g <
r +m + 1/2. By Lagrange calculus, we find that on (0,1), ¢ has to be a polynomial
of order 2m + 2r. Under the induced boundary conditions ¢*)(0) = ¢®)(1) = 0 for
k=0,...,7+m — 1, the solution ¢y,+, has the form

Gt () = Csra™ (1= &)™ g ) (2). (5.1)

Due to the normalization constraint f Gmtr(u)du = 1, it follows that ¢, is the density

of a beta distributed random variable with parameters « =m +r+1 and 8 =m +r + 1,
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(m+r)

mr > Testricted

implying, ¢p4r = (2m+2r +1)!/((m+r)!)2. It is worth mentioning that ¢
to the domain [—1,1), is (up to translation/scaling) the (m + r)-th Legendre polynomial

Lm+7’7 l.e.
(m+r) _ (_1)m+T (2m + 2r +1)!

(this is essentially Rodrigues’ representation, cf. Abramowitz and Stegun [I], p. 785). For

that reason, we even can compute

!
o7l = 2 e

In the particular case r = 0, m = 1 we obtain gbgl)(:r) x 1 — 2z and this is known from the
work of Diimbgen and Walther [I3], where the authors use locally most powerful tests to
derive qﬁgl).

To summarize, we can find the “optimal” kernel but it turns out that it has less smoothness
than it is required by the conditions for Theorem |3 due to its behavior on the boundaries
{0,1}. However, if the multiplicative inverse of the characteristic function of the noise
density can be written as a polynomial, we were able to prove the theorems under weaker

assumptions on ¢ including as a special case the optimal beta kernels.

5.2 Performance of the method

In this part, we give some theoretical insights. We start by investigating Problem (i) (cf.
Section [3). After that, we will address issues related to (ii) and (i). It is easy to see that
[venll2 < BY27™7" and thus, dyj, and dfh are of the same order. We can therefore restrict
ourselves in the following to the situation, where the confidence statements are constructed

based on the approximation in Theorem [2| In the other case, similar results can be derived.
Problem (iii): Recall that with confidence 1 — a, for all (¢, h) € By,

Tip —dip, Tip +dip

hn | hyn

The so constructed rectangles contain information on op(p)f, where the amount of infor-

graph(op(p) f) N [¢, ¢ + h] x { ] + 2.

mation is directly linked to the size of the rectangle. Therefore, it is natural to think of the
area and the length of the diagonal as measures of localization quality. For the rectangle

above, the area is given by

1
area(t, h) 1= 2dt7hn*1/2 ~ B2 =12, [log 7
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There is an interesting transition: Suppose that m + r < 1 (this includes for instance
monotonicity in the direct case and exponential deconvolution). Then, area(t,h) — 0

uniformly in h € [I,,, u,]|. In contrast, whenever m +r > 1,

h> (logn/n)t/@m+2r=1) = area(t,h) — 0,
h ~ (logn/n)Y/ @m+2r=1) = area(t,h) = O(1),
h < (logn/n)Y/ @mt2r=1) = area(t,h) = oo.

On the other hand, the length of the diagonal behaves like h vV h="""=1/2=1/2, /log 1/h.

If the rectangle is a square, then, h ~ (logn/n)l/ (3+2m+2r),

Problem (ii), (it"): The following lemma gives a necessary condition in order to solve (ii).

Loosely speaking, it states that whenever

op(P)f|y pupy 2 0 PR T2 log 1/,

the multiscale test returns a rectangle [t,¢ + h| x [b_(t, h,a), by (t, h,a)] which is in the
upper half-plane with high-probability. Or, to state it differently, we can reject that

Op(p)f‘[t,t+h} < 0

Theorem 4. Work under the assumptions of Theorem @ Suppose that ¢ > 0. Let M
denote the set of tupels (t,h) € By, for which

2d; p,
Op(p)f}[t,#l»h] > m

Similar, define M, := {(t,h) € B, | op(p)f
and b_(t, h,«) are given by (4.3)), we obtain

ti+h] < —(2den)/(hy/n)}. Then, if by(t, h,a)

lim P((—l)iji(t, h,a) >0, for all (t,h) € Mf) >1-a

n—oo

Proof. For all (t,h) € M, , conditionally on the event given by (4.1)),

2d h 2d h
Op(p)f‘[t,Hm > ﬁ = (b1,n,0p(p)f) > \/tﬁ = Tyn >dip = b_(t,h,a) > 0.
Similar, one can argue for M. O

In order to formulate the next result, let us define

Co 1= (VBIFloch™ "2 o pll2(1 + qa( T2 (W)))) /2740, (5.2)
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Corollary 1. Work under the assumptions of Theorem[3. Suppose that ¢ > 0 and 8 € R.
Let M, denote the set of tupels (t,h) € B, satisfying

logn

B/(28+2m+2r+1)
> (5.3)

Op(p>f|[t,t+h] > (

n
and

logn

1/(284+2m+2r+1)
h>%< > |

Let M, be as M, , with (5.3) replaced by op(p) fle+n) < —(log n/n)P/2B+2m+2r+1) - Then,
if b_(t,h,a) and by(t, h,a) are given by (4.3)), we obtain

m — +(t,h,a) >0, jor a t,h) € >1—a.
I ]P’((l)ij(h) 0, for all (t,h) Mni) 1

n—oo

Proof. It holds that

din < || Fll3? o]l V2108 v/B(1 + ga (T2 (W))).

For sufficiently large n, h > 1, > v/n. Therefore, we have for every (¢,h) € M,,,

2d
e S VS Idcllennll, (1 -+ aa (T2 W)™ 20712 logn < 0p (1) Sy 1

Similar for M,". Now, the result follows by applying Theorem ]

The last result shows essentially that if op(p) f‘ "y is positive, precisely, op(p) f ‘[t tn) ™
(log n/n)P/@8+2m+2r+1) “and if h ~ (log n/n)l/gwﬂmﬁrﬂ), then with probability 1 — a,
our method returns a rectangle in the upper half-plane. Another way to guarantee this is

by imposing the condition

Op<p)f‘[t7t+h} 2 hﬂ (54)
We have three distinct regimes
8>0: op(p)f‘[t7t+h]—>0 h — 0,
p=0: Op(p)f‘[t pin = O)  h~(log n/n)t/@mE2rl) o,
-m—-r—1/2<p<0: op(p)f’[t7t+h]—>oo h — 0.

It is insightful to compare the previous result to derivative estimation of a density if m +r

is a positive integer. As it is well known, D™ " f can be estimated with rate of convergence

log .\ B/ (28+2m+2r+1)
(Oin) +2m+2r+
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under L*°-risk assuming that op(p)f is Holder continuous with index 5 > 0 and that
h ~ (logn/n)/(28+2m+2r+1) " Thig directly relates to the first case considered above.

Problem (i): At the beginning of Section [3| we shortly addressed construction of confidence
statements for the number of roots and their location. Note that estimators derived in this
way, have many interesting features. On the one hand, we know that with probability 1 —«
the estimated number of roots is a lower bound for the true number of roots. Therefore,
these estimates do not come from a trade-off between bias and variance but they allow for
a clear control on the probability to observe artefacts. It is worth mentioning that for this
proper qualitative feature selection no additional penalization is required. In order to show
that the lower bound for the number of roots is not trivial, we need to prove that whenever
two roots are well-separated (for instance the distance between them shrinks not too fast),
they will be detected eventually by our test. This property follows if we can show that the

simultaneous confidence intervals for a fixed number of roots, say, shrink to zero.

Therefore, assume for simplicity that the number K and the locations (x¢ ;);j=1,.. & of the
zeros of op(p)f are fixed (but unknown) and zo; € (0,1) for j = 1,..., K. For example,
these roots can be extreme/saddle points if op(p) = D or points of inflection if op(p) = D?.

In order to formulate the result, we need that B, is sufficiently rich. Therefore, we assume

2m—+2r+1)

that for all n, there exists a sequence (Ny,), N, = nt/( log* n, such that

{<§3%ﬂ\k:QL“wl:LZ“wk+hU%}CBW

Assume further that in a neighborhood of the roots x¢ j, op(p)f behaves like
op(p) f(x) = ysign(x — zo5)|z — xo,4° + o(|x — z0 41%),

for some positive 3 € (0,1]. Let p, = (logn/n)Y/ 2B+2m+2r+1)9 /21/8 and C,, M as defined
in Corollary There exist integer sequences (k7 )jn, (k7 )jn, (In)n such that for all

]7” j7n

sufficiently large n,

k- kT l
pn < I =205 < 20n, —2p, < 2 —xo; < —pn, and Ca'yl/ﬁpn < =< 20&71/6911'
N, N, N,

Some calculations show that (k;,, /Nn,ln/Nyp) € M, and ((kjn —13)/Nn,ln/Ny) € M,F for
j=1,..., K. We can conclude from Corollary [[Jand the construction, that for j = 1,..., K,

the confidence intervals have to be a subinterval of

+ —
N
N. = N,
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Hence, the length for each confidence interval is bounded from above by

log n) 1/(2842m+2r+1)

A(Coy P + 1) ppy ~ <

n
As n — oo the confidence intervals shrink to zero, and will therefore become disjoint
eventually. This shows that our estimator for the number of roots picks asymptotically the
correct number with high probability. Observe, that for localization of modes in density
estimation (m,r, ) = (1,0, 1) the rate (logn/n)'/% is indeed optimal up to the log-factor
(cf. Hasminskii [23]). The rate (logn/n)Y/7 for localization of inflection points in density

estimation (m,r, 5) = (2,0,1) coincides with the one found in Davis et al. [9)].

For the special case of mode estimation in density deconvolution let us shortly comment on
related work by Rachdi and Sabre [37] and Wieczorek [38]. In [38] optimal estimation of
the mode under relatively restrictive conditions on the smoothness of f is considered. In
contrast, Rachdi and Sabre find the same rates of convergence n~1/(27+5) (but with respect
to the mean-square error). Under the stronger assumption that D3 f exists they also provide

confidence bands which converge at a different rate, of course.

5.3 On calibration of multiscale statistics

Let us shortly comment on the type of multiscale statistic, derived in Theorems [}f3] Fol-
lowing [12], p.139, we can view the calibration of the multiscale statistics , , and
as a generalization of Lévy’s modulus of continuity. In fact, the supremum is at-
tained uniformly over different scales, making this calibration in particular attractive for

construction of adaptive methods.

One of the restrictions of our method, compared to other works on multiscale statistics,
is that we exclude the coarsest scales, i.e. h > u, = o(1) (cf. Theorem [I). Otherwise the
approximating statistic would not be distribution-free. However, excluding the coarsest
scales is a very weak restriction since the important features of op(p)f can be already
detected at scales tending to zero with a certain rate. For instance in view of Corollary
the multiscale method detects a deviation from zero, i.e. op(p)f ‘ ; = C >0, provided the

1/(2m+2r+1)

length of the interval I is larger than const.x (logn/n) . This can be also seen by

numerical simulations, as outlined in the next section.

6 Numerical simulations

We will illustrate our method by investigating monotonicity of f (op(p) = D, cf. Example
under Laplace-deconvolution, i.e. f.(z) = 0 ‘e 1*l/? with # = 0.075. In this case, we
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Figure 2: Boxplots for three different values (n = 200, n = 1000, n = 10.000) of the
approximating statistic (6.1)).

find

F(f)(t)=(0t)"* and op(p)*'f=-Df

and the statistic (3.5 takes the explicit form

rae e (5o () (%)

As kernel ¢, we select the density of a Beta(4,4) random variable (cf. Section[5). Moreover,

we choose u,, = 1/loglogn for the multiscale statistic and define

Bn:{<]]\: ]\l[)}k:—01 l:1,2,...,[Nnun],k:+l§1}, for N, = [n"].

Note that Assumptions [3| and 4] hold for (A, p,r, Bo) = (62,0,2,2) and (u,m) = (1,1),

respectively. Then, the multiscale statistics

|T;.p, — ET: 4

TP = sup wy 2log ”)
(t,h)EBy (x/gn 62 ¢®]l2 (i)

and

0 (W) — [ S (55)dWs| p
TPoW) = sup wh< Th HQ;L(?’)HQ —/2log (¥) (6.1)

(t,h)EBy,

have a particular simple form.

Boxplots for the distributions T;())’go (W), T, 1%88 (W), and TII?J’.%OOO(W) are displayed in Figure

for 10.000 simulations each. These plots show that the distribution is well-localized with

only a few outliers. As proved, the approximating statistic is almost surely bounded as

25



Figure 3: Simulation for sample size n = 1000 and 90%-quantile. Upper display: True
density f (dashed) and convoluted density g (solid). Lower display: Line plot of the
endpoints of intervals solving Problems (i7) and (ii') as well as minimal solutions to (i7)

and (7i") (horizontal lines above/below)

n — oo. For increasing sample size, however, Figure [2] indicates, that the quantiles of the

distributions T} >°(W) increase slowly.

In Figures [3| and [4] we give an example of a reconstruction based on a sample size of
n = 1000 and confidence level equal to 90%. Based on 10.000 repetitions, the estimated
quantile is qo_l(TfS’gg(W)) = —0.41. For the simulation, we use v = exp(e?) because then,

h — +/logv/h/(loglogv/h) is monotone as long as 0 < h <1 (cf. Lemma (1)).

The upper display of Figure |3| shows the true density of f as well as the convoluted den-
sity g. Note that g is very smooth and as the other densities non-observable (we only
have observations, which are distributed with density g). In fact, by visual inspection of
g, it becomes apparent how difficult it is to find the intervals on which f is monotone

increasing/decreasing.

The lower plot of Figure [3] displays minimal intervals which are solutions to Problems
(#1) and (7i') (horizontal lines above and below the line plot, respectively). Here, minimal

intervals for (i7) and (i7") denote the intervals for which no proper subinterval exists with the
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Figure 4: True (unobserved) derivative f’ and minimal rectangles (left) as well as sparse

minimal rectangles/ midpoints (right) for the same data set as in Figure

same property. The line plot itself depicts the endpoints of all intervals belonging to (i7) and
(i7'). Note that the possible values for the endpoints are given by k/N,,, k =0,1,..., N,.
If for given k there is more than one interval solving (i7) or (ii’) with endpoint k/N,, the
line width is increased accordingly. For more on this type of plotting, see Diimbgen and
Walther [13].

The density f has been designed in order to investigate Corollary [1| numerically. Indeed,
on [0,0.35], the signal (in this case |f’|) is in average large but the intervals on which f
increases/decreases are comparably small. In contrast, on [0.35,1], |f’| is small and there

is only one increase/decrease.

The test is able to find two regions of increase and two regions, where the density decreases.
The increase and decrease on the leftmost position are not detected by our test. Repetition
of the simulation shows that the decrease on the intervals [0.25,0.35] and [0.55, 1] is most of
the time found while the increases (on [0.17,0.25] and [0.35,0.55]) are less often detected.
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Furthermore, compared to the true function f, it can be seen that the difficulty lies in

precise localization of the regions of increase/decrease.

In Figure [4 the derivative of f as well as the minimal rectangles, additionally satisfying
either b_(t,h,a) > 0 or by(t,h,a) < 0, are displayed. For better visualization, we have
depicted the midpoints of these rectangles and a sparse subset (right display in Figure [4))

using the following reduction step:

(C): Let R be the rectangle with the smallest area and denote by S the set of rectangles
having non-empty intersection with R. Find the rectangle in S minimizing the area of
intersection with R. Display R and R’ and discard R and all the rectangles in S. If there

are rectangles left, start from the beginning.

By construction, we find as before two regions of increase and decrease. Compared to the
multiscale solutions of Problems (ii) and (i7') (cf. Figure [3), we also obtain surprisingly
precise information on the derivative of f. Observe that the graph of f’ tends to cut the
rectangles through the middle. Therefore, the midpoints of the rectangles (depicted as

crosses in Figure 4)) can be used for instance for estimation of maxima.

Figure [4] also shows nicely why a multiscale approach can provide additional insight com-
pared to a one-scale method. Consider the rectangles R; and Ry in the right display of
Figure [4] and denote by (t1,h1) and (t2, ha) the corresponding indices in B, (as in (4.4)).
Note, R; and Ry belong to more or less the same value in the time domain, i.e. t; &~ to
but different bandwidths hy, ho. Therefore, we may view R; and Rs as a superposition
of confidence statements on different scales. Since R; yields the better resolution in the
t-coordinate and Ro the better resolution in the y-coordinate, different qualitative state-
ments can be inferred at the same time point. More practical, we would use Ry in order to
construct a confidence statement as in the lower display of Figure [3]and from R; we obtain

the better bound for inf f’. This would be impossible for any one-scale method.

7 Outlook and Discussion

We have investigated multiscale methods in order to analyze shape constraints expressed
as pseudo-differential operator inequalities in deconvolution models. Compared to previous
work, a more refined multiscale calibration has been considered using an idea of proof based
on KMT results together with tools from the theory of pseudo-differential operators. We
believe that the same strategy can be applied to a variety of other problems. In particular, it

is to be expected that similar results will hold for regression and spectral density estimation.

Our multiscale approach allows us to identify intervals such that for given significance level
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we know that op(p)f > 0 at least on a subinterval. As outlined in Section |5} these results
allow for qualitative inference as for example construction of confidence bands for the roots
of op(p) f. Since we only required that op(p) f is continuous, op(p) f can be highly oscillating.
In this framework, it is therefore impossible to obtain strong confidence statements in the
sense that we find intervals on which op(p)f is always positive. By adding bias controlling
smoothness assumptions such as for instance Holder conditions stronger results can be

obtained resulting for instance in uniform confidence bands.

Obtaining multiscale results for error distributions as in Assumption [2] is already a very
difficult topic on its own and extension to the severely ill-posed case, including Gaussian
deconvolution, becomes technically challenging since the theory of pseudo-differential oper-
ators has to the best of our knowledge not been formulated on the induced function spaces

so far. Therefore we intend to treat this in a subsequent paper.

Restricting to shape constraint which are associated with pseudo-differential operators ap-
pears to be a limitation of our method, since important shape constraints as for instance
curvature cannot be handled within this framework and we may only work with lineariza-
tions (which is quite common in physics and engineering). Allowing for non-linearity is a
very challenging task for further investigations. We are further aware of the fact that many
other important qualitative features are related to integral transforms (that are in general
not of convolution type) and they do not have a representation as pseudo-differential op-
erator. For instance complete monotonicity and positive definiteness are by Bernstein’s
and Bochner’s Theorem connected to the Laplace transform and Fourier transform, respec-
tively. They cannot be handled with the methods proposed here and are subject to further

research.

Acknowledgments. This research was supported by the joint research grant FOR 916 of
the German Science Foundation (DFG) and the Swiss National Science Foundation (SNF).
The first author was partly funded by DFG postdoctoral fellowship SCHM 2807/1-1. The
second author would like to acknowledge support by DFG grants CRC 755 and CRC 803.
The authors are grateful for very helpful comments by two referees and an associate editor

which led to a more general version of previous results.

29



Appendix A

Throughout the appendix, let

slogf 1oy
loglog ¥ loglog ¥

Furthermore, we often use the normalized differential d¢ := (27)~'d¢

Proof of Theorem[1 Let us study in a first step the statistic
|Top — ET, iy

TT(LI): sup  wp Wh,.
theB,  Vin /9(t)

Note that T7(Ll) is the same as T},, but g, is replaced by g. We will show that there exists a

(two-sided) Brownian motion W, such that with

| [ en(s)y/g(s)dWs| @

TA(W):= sup wy
Vin V/9(t)

(t,h)EBn ,
we have
sup |TV — T (W)| = op(rn). (A1)
Gegc,c,q

The main argument is based on the standard version of KMT (cf. [31]). In order to state
the result, let us define a Brownian bridge on the index set [0,1] as a centered Gaussian

process (B(f)){sery, F C L*([0,1]) with covariance structure
Cov (B(f), B(9)) = (f.9) — {f. 1){g, 1).

Let Fo := {z + Ijg q(x) : s € [0,1]}. Note that (B(f)){ser,) coincides with the classical

definition of a Brownian bridge. For U; ~ U[0, 1], i.i.d., the uniform empirical process on

the function class F is defined as

va(r) = v (L300 - [ ), ser
=1

In particular note that
Tin —ETpn = Un($rn0G7Y),

where G~! denotes the quantile function of Y. For convenience, we restate the celebrated
KMT inequality for the uniform empirical process.
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Theorem 5 (KMT on [0,1], cf. [31]). There exist versions of U, and a Brownian bridge
B such that for all x

IP’( sup |Un(f) — B(f)| > n V2 (x + Clogn)) < Ke
feFo

where C, K, A > 0 are universal constants.

However, we need a functional version of KMT. We shall prove this by using the theorem
above in combination with a result due to Koltchinskii [30], (Theorem 11.4, p. 112) stating
that the supremum over a function class F behaves as the supremum over the symmetric
convex hull 5¢(F), defined by

s¢(F) := {i&fi i€ FNe [-1,1],% PYESES
i=1 i=1

Theorem 6. Assume there exists a version B of a Brownian bridge, such that for a sequence

(0n)n tending to 0,

P*((sup [Un(f) = B(f)| = dn(x + Clogn) ) < Ke ™,
feF

where C, K, A > 0 are constants depending only on F. Then, there exists a version B of a

Brownian bridge, such that

P sup |U(f) = B(S)| > Fule + C'logn) ) < K'e™Ns
fese(F)

for constants C', K', N > 0.

In Theorem [6] P* refers to the outer measure, however, for the function class considered in
this paper, we have measurability of the corresponding event and hence may replace P* by
P. It is well-known (cf. Giné et al. [I§], p. 172) that

{p|p:R—=R, suppp C [0,1], p(1) =0, TV(p) <1} C 5c(F). (A.2)

Now, assume that p : R — R is such that TV (p)+3[p(1)| < 1. Define p = (p—p(1)Ijo17)/(1—
|p(1)]) and observe that TV (p) <1 and p(1) = 0. By there exists A1, Az,... € R and
t1,ta,... € [0,1] such that p = > Ailjg ) and Y [Ni| < 1. Therefore, p = (1 — [p(1)])p +
p(1)Ijp,1) can be written as linear combination of indicator functions, such that the sum of

the absolute values of weights is bounded by 1. This shows

{p|p:R=R, suppp C [0,1], TV(p) +3[p(1)| <1} C 5¢(Fo).
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Since TV (¢ 0 G71) < TV (3 ) it follows by Assumption |1 (ii) that the function class
Foi= { QIR s 0 GV (8,h) € B, G € Gug)

is a subset of 5¢(Fp) for sufficiently small constant C. Combining Theorems [5| and [6] shows
for 8, = n~/2 that there are constants C’, K’, N and a Brownian bridge (B(f)) fese(ro)
such that for z > 0,

\f‘U (wthOG ) (¢thoG_1)‘

]P’( sup . > n_1/2(ac +C'log n)) < KleN®
(t,h)€By, Geg Vin

Due to Lemma (i) and I, > v/n for sufficiently large n, we have that w;, < w, ,. This
readily implies with x = logn,
1 Ton ~ETin| = [B(vrno G|

sup wp, =Op l;l/zn_l/QwV nlogn ).
(t.h)€By, GEG Vin Va(t) ( / )

Now, let us introduce the (general) Brownian motion W (f) as a centered Gaussian process
with covariance E[W (f)W(g)] = (f, g). In particular, W(f) = B(f) + (J f)&, £ ~ N(0,1)

and independent of B, defines a Brownian motion and hence there exists a version of

(W(f))fewfo) such that B(f) = ff . We have
\f¢th dG(u)| _ _, bepll
sup <c sup W,
(t,h)€ B, Geg Vin /9(t) (t.h)€Bn, GeG Vi \/9(1)
< sup wph'/? < wunul/2
hE[ln,un]

where the second inequality follows from Assumption [1] (ii) and the last inequality from
Lemma (ii). This implies further

e e I LR

)

and therefore

w G™1
sup |70 —  sup wh‘ (Y0 )l - {Eh‘ = Op(l,jlﬂn*l/zwl/ log n. + wy, ul/?),
Geg (t,h)EBy, Vin V9(t)
and

(1) T,@(W)’ = Op(I;Y*n = 2, 1/nlogn + Wy, ul/?).

Geg

In the last equality we have used that (Wt(l))te[o,l] = (W(Tjo,4(-)))sefo,1) and

|
(Wi)ier = ( (220} (8 )dW(l) )teR

0 Vo)
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are (two-sided) standard Brownian motions, proving W (¢, 0 G71) = [y p(s)\/g(s)dW;
and hence (A.1). Further note that Assumption (1] (iii) together with Lemma shows
that

TP (W) - sup wh—th’h(S)dWS‘ -

sup |1},
(t,h)EBy, Vih

Geg

wh‘ — Op(kn).

In a final step let us show that is almost surely bounded. In order to establish
the result, we use Theorem 6.1 and Remark 1 of Diimbgen and Spokoiny [12]. We set
p((t,h), (', 0)) = (|t = | + |[h — I'|)'/2. Further, let X (t,h) = VAV, ' [ 4 n(s)dW; and
o(t,h) = h'/2.

By assumption, X has continuous sample paths on 7" and obviously, for all (¢, h), (¢, h') € T,

a?(t,h) < a2 (', B) + p*((t, h), (', 1))).

Let Z ~ N(0,1). Since X (t,h) is a Gaussian process and Vi > ||¢p

o(t,h)n) <P(Z > n) < exp(—n?/2), for any n > 0. Further, denote by

/
VenVh Y Vh
Vih Vir ne

2, P(X(t,h) >

(A.3)

Aty hp = H

Because of P(| X (t,h) — X(t’,h’)’ > At,t',h,h'ﬁ) < 2exp ( —n?/2) we have by Lemma [B.5

for a universal constant K > 0,

P(|X (5 h) = X ()] = pl(th), (s ))n) < 2exp (= n?/(2K2)).

Finally, we can bound the entropy N ((6u)'/2,{(t,h) € T : h < §}) similarly as in [12], p.
145. Therefore, application of Remark 1 in [I2] shows that

VElog g | ()W, /los(})log($)
S := sup -

(t,h)ET log (e log %) Vin log (e log %)

is almost surely bounded from above. Define

/ \/% | [ben(s)dWs|  y/log(})log(¥)
S := sup - :

(t,h)ET loglog 3 Vi p loglog 7

If e < v <ef, then

loglog ¥ = log (log” log hef*l&ogJ > loglogv — 1+ log (elog )
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implies

log (e log %) < 1
loglog 7~ loglogv

Furthermore, logv/h < (logv)(loge/h). Suppose now that S’ > 0 (otherwise S’ is bounded
from below by 0). Then, S’ < S and hence S’ is almost surely bounded. Finally,

w/log%‘\/lo?%— 1/log%| < logwv.

Therefore, (2.7)) holds, i.e.

’ f¢t,h(s)dWs’ ~
sup Wp—————— — Wp
(th)eT Vin

is almost surely bounded.

In the last step, let us prove that supgeg, ., |Tn—TT(LI)\ = Op(supgeg ||gn—9llc log n/ loglog n).
For sufficiently large n and because G € G, g, > ¢/2 for all t € [0, 1]. Therefore using Lemma

(i),

| T, — E[Ty.)| supceg [|Gn — 9|

sup [T, — TV < sup oy,

GeG (t,h)E€Bn, GEG Vih V9(t) gn(t)
owacslio ol L, [T BTl
- c (t,h)€Bn, GEG Vi V9(t)
28upgeg |[9n — 9 _
< €g H n Hoo (Tr(Ll) + sup wh)
¢ he[lnvun]
28upgeg [[9n — 9l logn
T + 0(—=>"1)). A4
- c ( no T (loglogn)) (A-4)
Since T,gl) is a.s. bounded by Theorem |1 the result follows. O

Remark 2. Neat, we give a proof of Theorem[d. In fact we proof a slightly stronger version,
which does not necessarily require the symbol a to be elliptic and Vi p = |lvgp|l2. It is only

assumed that

(i) Vin = |lven

2
(ii) there exists constants cy,Cy with 0 < ¢y < hm”*l/QVM <Cy <00

(iii) for all (t,h),(t',h') € T and whenever h < k' it holds that h"™ |V, — Vi p| <
Cy(jt —t'| + |n — )2
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Note, that as a special case these conditions are satisfied for Vi = ||venll2 if op(a) is
elliptic. This follows directly from Lemmas[B.3 and[B-

Proof of Theorem[3. In order to prove the statements it is sufficient to check the conditions
of Theorem [I} For h > 0, define the symbol

afp(x,€) == K™ a* (zh + t, h71e). (A.5)

Under the imposed conditions and by Remarkwe may apply Lemmafor alth) = az h
and therefore, uniformly over (¢,h) € T and u,u’ € R,

(1) Jvep(w)] < A" min (1, T’jp ).

(D) [opn () — v ()] S h7" =" u — /| and if u, o’ £,

o) — vn(a)] < o U e / da|.
’ ’ ~ |u' —t| |u—t| (x—1t)?

Using (I), we obtain [|vgpllee < A7 " and [Jvgpllt S A7™7". In order to show that the
total variation is of the right order, let us decompose v further into v&) = e hlji—peyn)

and vg?h) =V — vsh). By (II), TV (v, (1 )) < h™™" and
V() S ™" 4 BT / QLIPS
’ ph (T — 1)

Since TV (vyp) < TV(’US}B) + TV(USh)) < h™™77, this shows together with Remark [2[ that

part (ii) of Assumption [1fis satisfied.

In the next step we verify Assumption (1} (iii) with r, = supg pes, wph?log(1/h) <

u/? log®/2n, (cf. Lemma (ii)), i.e. we show
sup wp, TV (v (Ol 1) < ul/?10g®?n

(t,h)€By, GEG V;f,h

(1)

By Lemma (C.2, we see that this holds for v; ;, replaced by v, e Therefore, it remains to prove

i,z Let us decompose ’UIS}B further into Ufhl) = Ve pllp—1,441)n[t—h,t+n)c and

vt(2h2) = vt(z,z vt(zhl) = v pl[t_1,441)c. For the remaining part, let u,u’, such that |u —t| >

|u' —t] > h. We have

V(05O [Ve0) = V@] 0% < [l OO — V]|

+TV (v Vel = V). (A6)

the statement for v
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Using (I) and (II) together With the properties of the class G we can bound the variation
[of5 (@) [V5w) = Vo] = 3" () [Val) ~ /o] | by
\vf,iil)(u% 3O VW) = Vo] + e ) - |Vala) - Vel !

hlmr|u u|+h2mr|u u/\<h1m7"|u u|<h1mr‘/
= I—t\

S lu—t| lu—t[* ~ [u

This yields due to h > 1,, 2 1/n,

t+1
(21) \/7 F)<h1mr+h1mr/ du

t+h [ — 1|
< plomer log% < AT logn

and with also
TV (05" () [Va() = V)] (1) < k™" logn. (A.7)

(2,2)

Finally, let us address the total variation term involving v, ™. Given G ¢, we can choose
a such that o > 1/2 and a4 ¢ < 1 (recall that 0 < ¢ < 1/2). By Lemma [B.7], we find that

/U L + L dx‘
w (=1 (z—1)? 1

o () () — o3 (W) (W) S B

Moreover
(@) (1+ [+ [u)? < (1+ [u'] + [u))TT < (3+ 2w — )77 < 3+ 2Ju — |77
and thus
452000 |V — /o] et I
This allows us to bound the variation by

057 () [Vg(w) = Vo] () = o5 () [Volw) = v/g)] ()]
< o3P (w) <u>“\\m—m\+%\vfﬂu>< — oD () ')

“ 1 1 1
< hl—m—r d ‘
~ A/u—w%wa+@—w%a+w—w2x

and therefore we conclude that

TV (057 () [V9() — VD] (%)

1 1 1
< hl m—r hl m r/ dr < hl—m—r‘
s R e e CE R P
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Together with the bound for v(l and (A.7)) this shows that Assumptlon (iii) holds.

t7

Finally, Assumption ! (iv) follows from Lemma and Remark E 2| due to ¢ € HI™™I 0
H™m+1/2 supp¢ € [0,1] and ¢ € TV(DI"™1$) < co. This shows that Assumption
holds for (vgp, Vip).

In the next step, we verify that (t,h) — X(¢,h) fvth )dWy has continuous
sample paths. Note that in view of Lemma [B.6] it is sufﬁment to show that there is an «
with 1/2 < a < 1, such that

TV (VRV, oo = VIV oy ) (%) = 0,

whenever (t',h’) — (¢, h) on the space T. Since Assumption [1| (iv) holds, we have

1/ ’h — h/’ i V,I \/7“/2/ h! —

Vih Vir e
By Lemma TV (v p(-)(-)*) < oo. Therefore, it is sufficient to show that

VAV - VIV L] <

— 0, for (t,h) = (¢, h).

TV ((ven — vy p){)®) = 0, whenever (t',h') — (¢, h). (A.8)
Using , we obtain
(K5 ar ) () = vep — v
=h" / N:(£)F(Oplagy) (¢ — ¢ o Sy o Spph)) (s)e* =D/ hds,

Using Remark we can apply again Lemma (here ¢ should be replaced by ¢ — ¢ o
Sy pr 0 St_,%) In order to verify (A.8)), we observe that by Lemma it is enough to show
¢ — oSy oS, HHq — 0 for some g > r +m + 3/2 whenever (t',h') — (¢t,h) in T. Note
that

H¢ <Z5OSt'h'OSt HH‘I = hZ/ 2q CU]¢ OSth)( ) — ((Sth()) (¢OSt'h’))( )‘st

< “(x3¢) o St,h - (x]¢) o St’,h’ ifﬁ

SR
-1

Il
o

J

+ /<$>2q‘f([(5t’,h/(‘))j _ (St,h(‘))j] (¢ o St/7h/))(8)‘2d8 (Ag)

with (Syp(1))? == (- Zt) Note that for real numbers a,b we have the identity o/ — b =
lezl (lz) b*=¢(a — b)*. Moreover, we can apply Lemma [B.4|for § with m +7 4+ 3/2 < g <
|7+ m + 5/2] (and such a g clearly exists). Thus, with a = S;(-), b = Sy /() and
St =Sy n = (h/h —=1)Sp py—(t'—t)/h the r.h.s. of converges to zero if (t', h') — (t, h).

O]
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Proof of Theorem[3 By assumption, we can write pr(z,&) = ag(z, EIEM e 1 with ap €
S™ and M1+ = m’. Recall that pp(z,£) = ap(x &N v . Since ap is real- Valued, Op(ap)
is self-adjoint. Taking the adjoint is a linear operator and therefore arguing as in (3.4])
yields

F(op(p) (¢ 0 Sen))(s) = |s|"es " F(ap(¢ o Sin))(s) + [s"15" F(Op(ak) (¢ © Sin)) (s).

(1)

2) -
Decompose v, = Vpp TV with

vg}z (u) == /)\ﬁl(s)]:(ap(qS 0 Sen)) (s)euds
— /)\’,jl (%)]—"(ap(-h + t)qﬁ) (s)eis(“*t)/hd‘s

using similar arguments as in and ai (@, &) == h™ay(zh +t,h~ 1¢). For j = 1,2, we
denote by Tt(j}? and Tf ‘U) the statistics Ty, and TP with vy j, Teplaced by vt(Jiz, j =12,

respectively. Recall the definitions of o and 7 and set
i a) = Aap(®) [ |57 (G0 Sy (s)e s
_ ARTmy /| rm, = () (s)e 5D/ R s
= Aap(t)DI DT o (%1). (A.10)

Further let Vth = HvthHg = [Aap(t)||| D™ o((- — t)/h)“2 = h1/2frfm|Aap(t)|HDT"W)HT

and

)
R dW
Tf’(l)’oo(W) = sup wp ‘f evt’h(S) } - ,/210g%

P
(t,h)E€Bn, Vin

Note that for the approximation of T)f’, we can write

[ Revl, (s)dW,
TL>(W) = sup U)h<‘ ‘t/%L ’—1/210g% .

(t,h)€Bn

Since |17 — 10 (W)| < |17 = TV 41 — 1O (W) + |10 (W) = 1.0 (W)
it is sufficient to show that there exists a Brownian motion W such that the terms on the

right hand side converge to zero in probability. This will be done separately, and proofs for
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the single terms are denoted by (1), (IT) and (II1). From (II) and (/II), we will be able

to conclude the boundedness of the approximating statistic.

(1): Tt is easy to see that for a constant K, HUSL)HQ < KhY/2=m'=r —, Vﬁl By Remarkand

‘TTJLD _ qu,(l)‘
V;R | (2) _ ET(2
<  sup }3 sup wh( 2 log (%)) + sup wpy/2log (%) ,
he[ln,un] (t,h)EBy,

vV n(t VR

we can apply Theorem [2| (where m should be replaced by m/, of course). Because of

he€ln,un]

u™™ logn — 0, (I) is proved.

(II): We show that there is a Brownian motion W such that |qu’(1) - Tf’(l)’oo(Wﬂ <

T — T 4+ [T = T2 (W) 4+ [T (W) — TP (W)| = op(1) with
TV _gp®
~ IET
R =~ TNr)
(t,h)EBy, V3 ||vthH
and

e | [ Revpi (s)aws|
T2 (W) :=  sup wh< Lh @
Van(t) llvgpll2

(t’h)eBn
Since by Assumption 4} a, € S is elliptic and pp € S™, we find that \ﬁ(Ll) - :F,S”’OO(W)\ =
op(1) and

2 log (%))

T2 (W) < sup
(t,h) ET

(URe”th dW‘

Van (@) [lvfy
by applying Theoreml Moreover, similar as in and using wp4/2log (%) 1,

log (%)) <00 as. (A.11)

P )| /2108 (2) Vi = llvih 2] ~)
sup |1}, Tn < sup wpy/2log sup T
Geg ‘ (t,h)EBy, () VﬁL ( Geg )
and
|f7gl),OO(W> o Tf,(l),m(w) S sup  wp, /2 10 % ’ t,h V|1|j t,h ||2‘ (1 + TT(LILOO(W))
(t,h)EBn th

To finish the proof for (I7), it remains to verify

v
sup  wpy/2log (¥) H thvpt’ H2 = o(1), (A.12)
t,h

(t,h)EBn
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which will be done below.

(III): By Lemma we obtain ]Tf’(l)’oo — T, = op(1) if for some o > 1/2,

. 2;153 wp, : VP = o(1). (A.13)

Let x be a cut function, i.e. x € S (the Schwartz space), x(x)

x(x) =0 for x € (—o0, —2]U[2, 00) and define pth(x €) = h7tx(x)

i (x,€) = (zh) "' (1 — x())(ap(xh + t) — ap(t)). Then, p{}), p}; €
ap(t))¢ = hOp(pg}z)gb + hOp(pEiZ)(mqb). Define the function

1 for x € [-1,1] and
zh+t)—ap(t)) and

(ap(
5% and (ap(-h+t) —

du(u) = [ 0 AP )1 F () (5)ds (A.14)

1
F(f)(=13)
and note that

m s\2r4+2m—2 2 *_op
a3 < B2 / (2)2TH2m200) 7 () () [Pds < BV )2

with 85 := Bo A (m +r). Using (B.2)), we have now the decomposition

o) — vy = REpY) + kK + ap(h " dy, (A.15)

where we have to replace ¢ by x¢ in the second term of the right hand side. By assumption
there exists ¢ > m + r + 3/2 such that ¢ € HZ. Since the assumptions on pgl,z and pgz of
Lemma [B.3] can be easily verified, we may apply Lemma [B.3] to the first two terms on the
right hand side of . This yields together with Lemmas and uniformly

over (t,h) € T,
TV ((0f), = o) (%) STV (hKTpE + KD () + ap (R dun) ()T 1,04)
+ TV (Ut,h<'> Ip\j—1,041]) + TV (Ut(,;3<‘>aI[R\[t—1,t+1])

Shlfmfr + hﬁafmfr + hlfrfm.

Since m + r > 1/2, this shows . From the decomposition (A.15) we obtain further
v, — v ||2 < p3/2mmer g h1/2+50 =" and this shows . Thus the first part of the

theorem is proved.

Finally with Lemma [B.G]it is easy to check that (A.11)) implies that (3.13)) is bounded since
(A.12) and (A.13) also hold with B,, and o(1) replaced by 7 and O(1), respectively. O
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Appendix B Lemmas for the proof of the main theorems

We have the following uniform and continuous embedding of Sobolev spaces.

Lemma B.1. Let (p;)icr C S™ be a symbol class of pseudo-differential operators. Suppose
further that for o € {0,1}, k € N, and finite constants Cy, only depending on k,

sup 0,08 pi(w, ) < Cr(L+ )™, V. § € R.

1€
Then, for any s € R, there exists a finite constant C' = C(s, m, maxy<q4as|+2m| Ck), such
that for all p € H®,

10p(pi) @l grs—m < Cllo |-

Proof. This proof requires some subtle technicalities, appearing in the theory of pseudo-
differential operators. First note that for any symbol a € S° there exists a universal constant

C (which is in particular independent of a), such that

le' 2
| Op(a)ulla < C4 a,,elg?(})c,l} H@f@E a(:c,é)HLoo(RQ)||u||2, forall u € L (B.1)

(cf. Theorem 2 in Hwang [26]). For r € R denote by Op((£)”) the pseudo-differential
operator with symbol (z,&) — (£)". It is well-known that this operator is indeed in S”.
Throughout the remaining proof let C' = C(s, m, max;<|42|s|+2/m| Ck), denote a finite but
unspecified constant, which may even change from line to line. Note that it is sufficient to
show that uniformly in ¢ € L2,

| Op((€)*™"™) © Op(pi) © Op((€)~*)¥|[, < Cll#ll2

(set ¢ = (D)™ %). The composition of two operators with symbols in S™ and S™2,
respectively is again a pseudo-differential operator and its symbol is in S™1+™2, Therefore,
Op((£)*™™) o Op(pi) o Op((£)~*%) € S°. Set py; for its symbol. With (B.1]) the lemma is

proved, once we have established that

S 0y 1020 Ol e ey = € < o

It is not difficult to see that Op(p;) o Op((£)™*) = Op(pi{§)~*). By Theorem 4.1 in [2],
poi = (€)° #(pi(€)~*), where # denotes the Leibniz product, i.e. for pt) € §™ and
p@ e §m2 pM4p(2) can be written as an oscillatory integral (cf. [2,139])

(PV#p@) (z,€) == Os — / / e WpM (z, & + )p@ (z + y, €)dydn

— lim / / ey, en)e ¥ p0 (@, € + n)p® (z + y, €)dydn,

e—0
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for any  in the Schwartz space of rapidly decreasing functions on R? with x(0,0) = 1.
Further for ¢ € S™ and arbitrary [ € N, 2] > 1 4+ m,

Os—// ~Wa(y, n)dydi = // W) T2 (1= 92) [(m) (1 — 02) aly, n)] dydn

and the integrand on the r.h.s. is in L! (cf. [39], p.235). This can be also used to show

that differentiation and integration commute for oscillatory integrals,

050 OS_//“”@(%%&UWMNZ 08-//6iy%ﬁafa(x,y,fm)dydn-

Using Peetre’s inequality, i.e. (£ + 1) < 2B1(&)sl(n)s, we see that for a, € {0,1} and
(z,€) fixed, the function (y,n) — 858?(5 + ) " pi(x 4+ y,£)(§)° defines a symbol in
S5~ Hence, for €N, 1 <20 — s —m| <2, o, 8 € {0, 1},

aﬂangz (z,€)
// Ty = O [n) (1 = 9 070§ + ) " pilw + y, (€)™ dydy.

Using the imposed uniform bound on ajgagp(x,g), we obtain by treating the cases a = 0

and a = 1 separately,
sup 10508 po.i(x,€)|
1= e memlan [ - g o+

<C+OE™” [/ |02(n) =2 (€ + m)* ™| dn + / 6200) 20 6+ )" )]

using Peetre’s inequality again and 2¢ > 1 + |s — m| for the second estimate. Since for
g € R, (§)? € S, it follows that [0g(£)?] < (§)?"* and since () > 1,

2

8$<> 2€€+ns m Z —20— k£+n>sm2+k<<>—2£<€+n>s—m.
k=

Similar for the second term. Application of Peetre’s inequality as above completes the
proof. O
Lemma B.2. Work under the assumptions of Theorem @ If vy p, is given as in (3.6), then,

Hvth||2 > h1/2 m—r.

Proof. We only discuss the case v > 0. If v = 0 the proof can be done similarly. It follows
from the definition that

Op(a*)(¢ o Sen)) H2
2

1+ s> . B
jlF (Op(at) (@0 Se)) (s)|ds = FU) =)

lenls = | = —oe
[ F(f)(=s
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Since the adjoint is given by a*(z,£) = €%%a(x, £) in the sense of asymptotic summation, it
follows immediately that a*(x,¢) = @(x, &) + r(x, &) with » € S™~ 1. From this we conclude
that Op(a*) is an elliptic pseudo-differential operator. Because of a* € S™ and ellipticity
there exists a so called left parametrix (a*)~! € S~™ such that Op((a*)~!)Op(a*) =
1+0p(a’) and o’ € S™°, where S~ =), 8™ (cf. Theorem 18.1.9 in Hérmander [25]). In
particular, ' € S~1. Moreover, Op((a*)~!) : H™*Y — H"™™ is a continuous and linear and
therefore bounded operator (cf. Lemma [B.1)). Furthermore, by convexity, 1+|s[>7 > 2(s)%¥

and there exists a finite constant ¢ > 0 such that

|]_-1(+)|(||2}]:( Op(a*)(¢p o St,h)) (5)|2d5

> 2C7|| Op(a*)(6 © Sea) s 2 110P((a") ™) OD(a*) (@ © St [y
= [1(1+ Op(@))(6 0 Sy [Frrsm 2 (160 Sellszrom — [ OD(a')(6 0 Sen)srr+m)*
> (Il¢ 0 Sepllprrm —cllg o St,h”H’“er_l)z

- h/ L+ 2™ |F (o) (s)|ds + O(rZI=—m)
> h1—2(r+m) / ‘s‘2m+2r‘F(¢)<s)}2dS i O(hQ(l—T’—m)).

On the other hand, we see immediately that

F (Op(a*)<¢o Sen)) , -
< (7'+m)
|FLOP Sl | < oSl o Sl 5
Since ¢ € L? and h tends to zero the claim follows. —

Note that for bounded intervals [a,b], partial integration holds fab g = falh — fab fq

whenever f and g are absolute continuous on [a,b]. As a direct consequence, we have
fR flg= —fR fq' if f' and ¢ exist and fg, f'g, f¢' € L.

In order to formulate the key estimate for proving Theorems [2| and (3], let us introduce for
fixed ¢, a generic symbol al®®) € S and X\ = M as in (3.7)

(KT gty () = B / A(2)F(Op(at™)p) (s)et=/h s, (B.2)

From the context it will be always clear to which ¢ the operator Kz;lma(t’h) refers to. To

simplify the expressions we do not indicate the dependence on ¢ and f. explicitly.

Remark B.1. Recall (A.5) and note that if a € S™ then also ay ), € S™. Due to

(Op(a:,h)ﬁb) 0 Syp=h""O0p(a*)(¢o Sip)

46



we obtain for v,y in the representation,
ven(u) = h_m/)\ﬁ(fl)]—'( Op(a;h)qb) (s)eis(“_t)/hd‘s = (thmafh)(u) (B.3)
Lemma B.3. For a®" € §™ and v +m = m let Kz}lma(t’h) be as defined in . Work
under Assumption[d and suppose that
(i) ¢ € H} withq>m+r+3/2,
(ii) v € {0} U[1,00), and
(iii) for k € N, a € {0,1,...,5}, there exist finite constants Cy, such that

sup \a’;aga(t’“(x,gﬂ < Cp(1+ €)™, for all z,& € R.
(t,h)eT

Then, there exists a constant C = C(q,r,v,m,C, Cy, maxg<aq Cr) (Cp and Cy as in As-
sumption[d) such that for (t,h) € T,

2

(i) (7)) ()] < €6 ggh=" min (1, ),
(i6) |57 ) (u) — (KT a®M) ()] < Cllggh™ " — | and for u,u’ #1,

hl—m—r’u _ u/‘
|u' —t| |u—t|

v 1
_ 1-m—r

(K al M) (u) — (K7 alM) ()] < Cl |y

Proof. During this proof, C = C(q,r,v,m, C}, Cy, maxy<4q Ci) denotes an unspecified con-
stant which may change in every line. The proof relies essentially on the well-known commu-
tator relation for pseudo-differential operators [z, Op(p)] = i Op(J¢p), with Ogp : (x,€) —
O¢p(z, &) (cf. Theorem 18.1.6 in [25]). By induction for k € N,

k
k T T T
2% Op(aM)) = Z <T>z Op (8§a(t’h))xk . (B.4)

r=0
As a preliminary result, let us show that for k = 0, 1,2 the L'-norms of
(s) Dy A(3)F(Op(a“™)g)(s), (B.5)

are bounded by C||¢||zgh™""7. Using Assumption [2 and Lemma this follows immedi-
ately for k =0 and ¢ > r+m + 3/2 by

/

(s) A(3) F(Op(a®))(s)|ds < O A= () 14747 F(Op(a)g)]|,

< O Op(a )0 e < OH ] (B
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Now, aP) € S™ implies that for k € N, 8§a(t’h) € S™=F c S™. Since by (B-4), Assumptions
(i) and (iii), and Lemma [B.1]

1(x)? Op(a“)g |11 S 1I(1+ 2*) Op(a®™)@lla < C |l e < oo, (B.7)
we obtain for j € {1,2},

DIF(Op(a™")) = (=i F(27 Op(a")9)(s)
by interchanging differentiation and integration. Explicit calculations thus show
DA(3)F (Op(a"M)9) (s) = (DsA(7)) F(Op(a®)e) (s) —iA(3) F ( Op(a")g) (s)
and
D2\ (2)F(Op(aM)g)(s) = (D2A(£))F(Op(a®™)p) (s) — 2i(DA(2))F (x Op(a™)¢)(s)
= A(7)F (2 Op(a™)9) (s).
(B.)

To finish the proof of let us distinguish two cases, namely (I) v € {0} U [2,00) and
(IT) v € (1,2).

(I):For k =0,1,2and s ,[(s)DEX(£)| < ChT=7(s)r L,

Using (B.4)) and arguing similar as for we obtain (replacing ¢ by x¢ or x2¢ if neces-
sary) bounds of the L!-norms which are of the correct order ||¢|| gah™" 7.

(11): In principal we use the same arguments as in (I) but a singularity appears by expanding
the first term on the r.h.s. of (B.8]). In fact, it is sufficient to show that

/1 W}-(Op(a(t,h) ’ds<C’lh r— ’YH}’(Op ®h)) g / 5|7 2ds
LV F(f)(=7)

< Q=" Op(a™) g, < CHTT Y@ e,
where the last inequality follows from (B.7). Since this has the right order A~"7| ¢|| HYs
follows for v € (1,2).

Together (I) and (1) prove (B.5). Hence we can apply partial integration twice and obtain
for ¢ # u,

h2—m
(u—1t)?

and similarly, first interchanging integration and differentiation,

(KZ}Lma(t,h))(u) _ _ /eiS(u—t)/h Dg)\(%)f( Op(a(t’h))qb) (s)ds (B.9)

DK ) ) = it [ (£) 7 (Op(alt™)o) (5)ds

— —(Zhl__;;/eis(“t)/hDgs)\(fl)}“(Op(a(t’h))¢)(s)ds (B.10)
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(i): The estimates | (K]} a®M) ()| < C|l¢|| ggh™™" and (K" a®M) ()] < Cll| ggh® "/ (u—
t)? follow directly from as well as together with the L! bound of (B.5) for k& = 2.
(#1): To prove |(K'Y;L atM)(u) — (KM a®M) ()| < C||¢||H2h*m*’"*l|u — /| it is enough
to note that |e — €| < |z — y|. The result then follows from again. For the second

bound, see (B.10). The estimate for the L'-norm of (B.5) with & = 2 completes the
proof. O

Let [z] be the smallest integer which is not smaller than x.

Lemma B.4. Let 0 < ¢ < 1/2 and ¢ > 0. Assume that ¢ € H!9 N H supp ¢ C [0, 1]
and TV(D!4¢) < co. Then, for h < h/,

160 St — &0 Spllma S hy/It — /12 + b — .

In particular, for ¢ € HI™ ™I H™mH1/2 supp ¢ € [0,1] and TV(DI"™l¢) < 0o, h < I/,

ven — v wll2 S|t — U]+ [ — hl.

o S [ = ORI FG () s+ () - o)l

and [1— et | < 2min(|s|[t —#'|,1) < 2min(|s|’|t — /|, 1) < 2|s|¢|t — |, we obtain (note
that ¢ € HIt)

H¢05th—¢05tfh'
Set k = [q]. Then,

l6Gi) = (I3

Proof. Since

H¢ © St,h —¢o St/,h'

St PR 4 0(7) = 6 () [

e S0 = ol ) [
SH = o+ w200 o )

For j € {0, k},

107 (6 = 35 )5 < 2169 = 6D (8 [l +2(1 = (£)) 69 (& )5
ShHe9 () = 69 () || + 11 = Bl B Y[0D3.

Now, application of Lemma completes the proof for the first part. The second claim

2+

follows from
[orh —ve w3 = / IN(3) 2| F(Op(a*) (¢ 0 Sppp — ¢ o Sy ) (s)] ds

SléoSin— o Suw?

Hr+m .
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Lemma B.5. Let A;p p, 1y be defined as in (A.3)) and work under Assumption . Then, for
a global constant K > 0,

Ay < K/t —t]+|h—W|.

Proof. Without loss of generality, assume that for fixed (,h), Vi, > Vi . We can write

‘|¢th\/ﬁ—¢t/ VR |2 1 1
A / < : : hl ! Rt —_— —
Lt hR S Vin + VR ||y A l|2 Vin Vi
h — Yy pvVhH Vin — Vi
< |pe n VR — by V|2 n ﬁh,| th— Vi \.
Vih Vih

By triangle inequality, |[v¢nvVh — Yy VR |2 < VR | en — o w2 + VB — V] [$e]a-
Thus,

h/
A < T (Ien = Yowllz + Van = Vil ) + VIR =H.
t,h

If i’/ < h, then the result follows by Assumption |1| (iv) and some elementary computations.
Otherwise we can estimate VA’ < /[h — W[ + v/h and so

Vh
Arp o < Vir <|Wt,h — Yy pll2 + | Vin — V}/,h/\) +5+/|h — .

)

O

The next lemma extends a well-known bound for functions with compact support to general
cadlag functions. We found this result useful for estimating the supremum over a Gaussian

process if entropy bounds are difficult.

Lemma B.6. Let (W;)cr denote a two-sided Brownian motion. For a > 1/2, a family of

real-valued cadlag functions {f;| i € I}, and a constant Cy,, we have

sup|/fi(s)dWs‘ <C, sup ]Ws|supTV(ﬁ),
iel s€[0,1] iel

where W is a standard Brownian motion on the same probability space and fi(s) = f;(s)(s).
Proof. The proof consists of two steps. First suppose that |J,.;supp fi C [0,1] and as-

sume that the f; are of bounded variation. Then, for all ¢ € I, there exists a func-
tion ¢; with ||¢illcc < TV(f;) and a probability measure P; with P;[0,1[= 1, such that
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fi(u f[ou ¢i(u)P;(du) for all u € R, because f; is cadlag and thus f;(1) = 0. With
probablhty one,

wﬂ/ﬂ Wﬂ—wﬂ/wﬁ <SwHVHwTWM
i€l s€0,1] i€l
Now let us consider the general case. If C, := ||{-)~||2 then h(s) = C,,%(s) 2% is a density

of a random variable. Let H be the corresponding distribution function. Note that

Pocon = (| VAT

is a standard Brownian motion satisfying dW H(s) = V/ h(s)dW and thus

te(0,1]

sup‘/fZ dW‘—C’ sup|/fZ dWHS)|—C sup‘/fZ dW‘
i€l i€l
Since TV (f; o H™') = TV(f;) the result follows from the first part. O

Remark 3. For the proofs of the subsequent lemmas, we make often use of elementary
facts related to the function (-)* € S* with 0 < a < 1. Note that for t € [0,1], Dy{(u)®* <
a(u)*=t € 8971 Dy (u)* < a,

1
(u)* < 5(1 +u®) <1+ u—t]% and (W) <2u—t* 1, (B.11)

where the last inequality follows from |u — t|1=%(u)*~! < Jull=*(u)>=t +1 < 2.

Lemma B.7. For (t,h) € T let ryp, be a function satisfying the conclusions of Lemma
for r,m and ¢. Assume 1/2 < o < 1. Then, there exists a constant K independent of
(t,h) € T and ¢ such that

}Tt,h(u><u>a — Tt,h(u/)<ul>a‘ < K‘|¢||H2h1_m_r

/u L + L dzx
w (T =127 (z—t)2 1

for all u,u #t and

TV (ren () Up-1,0417) < Kll@llgh™™ ",
TV (Tt,h<'>a]IR\[t—1,t+1]) < KHQZ’HHZhl_m_T.
Proof. Let C be as in Lemma In this proof K = K(«, C) denotes a generic constant

which may change from line to line. Without loss of generality, we may assume that
|u—t| > |u' —t|. Furthermore, the bound is trivial if &’ <t < w or u <t < u'. Therefore, let
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us assume further that v >« >t (the case u < u’ < ¢ can be treated similarly). Together

with the conclusions from Lemma [B.3l and Remark B this shows that

(W) ()™ = (W) (W)Y < ron()| [(w)® — (@) + @) rep(u) — rp(u)|
e 1 R U A |
2—m—r 1-m—r /
< K||¢ll 72 [h TSI R s e |u_t|}|u_u .

Clearly, the second term in the bracket dominates uniformly over h € (0,1]. By Taylor

expansion
|lu — /| B u—u
' — o ju—t| (u—t)*(u —t) (- t)l
(u _ t)l—a _ (U/ _ t)l—a /u 1 J
= x.
T (1o =) u—-t)tr Sy (- )P
Hence

1 | ‘/
u —
[u —t] Ju—t|

completes the proof for the first part. For the second part decompose r¢plj_q 41 in

rﬁg Tt pljt—p,1n) and 7“52}3 = replj141) — rﬁg Observe that the conclusions of Lemma

imply
(02 < 1O Tonganglloo TVEED) + TV (0T ne) IrDlloe < KNlzah™™".
By using the first part of the lemma, we conclude that uniformly in (¢,h) € T,
@ 1 o 2 o —m—r —m—r
TV (rin () Ty-1a11) < TV (r0%) TV (12 (%) S K (6]l g (™" + h~™)

and also TV (Tt,h<'>a]I]R\[t—1,t+1]) < K\|¢||th1_m_r. d

Lemma B.8. Work under Assumptions @ and@ and suppose that m +r > 1/2, (x)¢ €
L', and ¢ € H{””H. Let dyp, be as defined in (A.14). Then, there exists a constant K
independent of (t,h) € T, such that for 1/2 < a < 1,

TV(dy ()T 1 441) < KRN 10g (1),
Proof. For convenience let 8% := o A (m + r) and substitute s — —s in (A.14), i.e.

—is(u—t 1 s|T m
d n(w) ::/e ( )/h(w_mg\h\ )i£15|" F(6) (~5)ds.

Define



By Assumptions [2 and [3, we can bound the L'-norm of
s = (8) Fn(s)es]s[™ F(d)(—s) (B.12)

uniformly in (¢, k) by [(s)(£)7=%0|s|™| F(¢)(—s)|ds. Bounding ()"~ by (£)"~% and con-
sidering the cases r < 8§ and r > % separately, we find K% " [(s)1+7+m=55 | F(¢)(—s)|ds <
R =T ||¢]| grr+m+1 as an upper bound for (B.12)), uniformly in (¢,h) € 7. Furthermore,

Dsf(fs)(%) . p—17—1 r—1
DFy(s) = ————25 — Arill™"h™ | ¢
Y FG) g
and by Assumptions 2] and
1
sD.F] (3) < SDS_]:'(fE)(é) A2L§p si2r L
’ h ‘ ‘ h ” ‘h‘ (f(fe)(i))Q‘

+|Alr| 2|

= Al R DF(L (7) - 1
SR  +BINE P <2) .
Similar as above, we can conclude that the L'-norm of
s = DysFp(s)d|s[™F (o) (—s)

is bounded by const.xh%~"||¢|| HTEL uniformly over all (¢,h) € T. Therefore, we have

by interchanging differentiation and integration first and partial integration,

Dudep(w) = 5 [ se™ O Ey (5)ak] 51" F()(—s)ds
= u__lt/e_is(“_t)/hDsth(s)ij\s\m}"((b)(—s)ds

and the second equality holds for u # t. Together with (B.12|) this shows that |d;p(u)| <
BB and |Dudsn ()] < R =" min(1, h/|u — t|). Using Remark [3| we find for the sets
AD =t~ ht+h] and A®) = [t — 1, + 1]\ A,

)

TV (denlp—1,417) < 2ldenlloo + /A oy [ Pud ()| du + /A oy 1Pude g (u)|du < h% 7" log (7).
t,h

t,h
Thus, TV (dgn (Y Tje—1.0417) S Ndenlloo + TV (dinly—1,e41)) S BP0 " log (7). O

Lemma B.9. Work under the assumptions of Theorem@ and let vtPh be defined as in
(A.10). Then, for 1/2 < a < 1,

TV(U5h<'>aHR\[t—1,t+1]) < Kptmrmm,

where the constant K does not depend on (t, h).
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Proof. The proof uses essentially the same arguments as the proof of Lemma Let
q := |r + m + 5/2] and recall that by assumption (x)?¢ € L!. Decomposing the L'
norm on R into L'([~1,1]) and L'(R\ [~1,1]) and using Cauchy-Schwarz inequality and
|F()]loe < l|0|l1, we see that for j € {0,1}, the L'-norm of s — Di|s|"t™5P " F(¢)(s)
is bounded by const.x(|[¢[|gs + [|¢[l1). Similar, for & € {0,1,2}, the L'-norms of s
DF|s|rtm+1,7P~HHL 7 (4)(s) are bounded by a multiple of 18]l g + [|¢]l1. Hence, we have

AR Miap(t) [ o
bty = A ot e o ) s)a
and
— AR ap(t is(u— r+m+1 —p—
Dl = g [ s D e ) s

Together with Remark (3| this shows that

[e.e]

TV (0f () Tt 11,00)) < [10F1() Tt1,00) lloo +/ X | Dy, (w) ()% du

t+

00 hl—r—m hl—r—m
< hlfrfm +/ + du < hlfrfm.
~ 1 lu =t Ju—t2

Similar, we can bound the total variation on (—oo,? — 1J. O

Appendix C Further technicalities

Lemma C.1. Assume that K, — 00, ¥y, = ¥(5t) and Vi = |[thepllz = Vh|1]|2. Suppose
that lim; o0 log(5)| [ (s — )¢ (s)ds| = 0. Then, with wy, and B as defined in (2.4) and

(2.8), respectively,
dw, 1
sup  wp M —/2logy | = ——, in probability.
(th)EBS, 19emll2 4

Proof. Write K := K, and let {; := ||wt,h||2—1f¢j/K71/K(S)dWs for j =0,...,K — 1.

Now, (§;); is a stationary sequence of centered and standardized normal random variables.

In particular the distribution of (§;); does not depend on K and the covariance decays by
assumption at a faster rate than logarithmically. By Theorem 4.3.3 (ii) in [34] the maximum

behaves as the maximum of K independent standard normal r.v., i.e.
P(max(gl, o éi) <ag + bKt) — exp ( — e_t), for t € R and K — oo,

where

1 loglog K + log(4m)
b = —— d =+/2log K — .
K V2Iog K’ anc ok ©8 v8log K
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Using the tail-equivalence criterion (cf. [14], Proposition 3.3.28), we obtain further

Klim P(max(|&1],..., [¢x|) < ax + b (t +1og2)) =exp (—e '), forteR.
—00
Note that T} := supy pye o Wh([[¥1nllzy Y [ e n(s)dWs| — \/21log(v/R)) has the same distri-
bution as wg -1 max(|§1|, o [EKk]) —wir-14/21og(vK). 1t is easy to show that
log v 1
log K = V/log K + — + O ——)
Vlog Vieg K + 522 e PR

and

‘ 1 loglog K ‘ B (loglogK)

Wg-1 /% log K 10g3/2K

Assume that n, — 0 and 7, loglog K — co. Then for sufficiently large n,

P(TS >~ 4p,) = P(max 1l D) > (= 3+ mn) Jwge + \/2loguK>
= P(max(fgil,- . |¢x]) >
(-1 +4nn)1\(}§107gK +\/2log K + \/% + O(llzggilf/)f[[;))
P(max &1y -+ |€K]) >aK+bK277nloglogK> — 0.
Similarly,
P(L; < 4 — ) < P(max(lei]....[6x]) < ax — brnn loglog K) — 0,

O
1/2

Lemma C.2. Condition (iii) in Assumption is fulfilled with Kkyn, = wy,, uy =, whenever
Condition (i) of Assumption holds and for all (t,h) € By, supp ¢y C [t — h,t + h).

Proof. Let 1/2 < o < 1. Then (-)* : R — R is Lipschitz. Recall that TV(fg) <
[flloc TV (g) + llglloc TV(f). Since th)eBn suppwth C [ 1,2] is bounded and contains

the support of all functions s — 1, (s [«/ — /g )¢ (indexed in (t,h) € B,,), we
obtain uniformly over (¢,h) € B,, and G € G,

TV (v () [VI0) = Va®] ()
S [een[Va() = Vo]l +TV(¢th )[Va() - \/7]>
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Furthermore,

TV <¢t,h(-)[ g9(-) — gt)D
< [Yenlloo TV ([V9() = VIO T—n i () + TV (@en) [ [V = VO Tmnain () o

< Vinh'/?,

where the last inequality follows from Assumption (ii) as well as the properties of G. With
Lemma (ii) the result follows. O

In the next lemma, we collect two facts about wy,.

Lemma C.3. For h € (0,1] and v > e let wy, := /27 og(v/h)/loglog(v/h). Then

(i) h— wy, is strictly decreasing on (0,vexp(e™?)], and

(ii) h — wph/? is strictly increasing on (0,1].
Proof. With © = z(h) := loglog(v/h) > 0, we have logw, = —log(2)/2 + z/2 — logz.
Since the derivative of this w.r.t.  equals 1/2 — 1/x and is strictly positive for x > 2, we
conclude that logwy, is strictly increasing in x(h) > 2, i.e. in h < vexp(e~2). Moreover,

log(wyh'/?) = log(v/2)/24 /2 —log z — e /2, and the derivative of this w.r.t. z > 0 equals
1/2 —1/z — /2 < 0. Thus wyh'/? is strictly increasing in h € (0, 1]. O

Lemma C.4. Suppose that supp f C [0,00) and let 0 < a < 1. Then,
1+a
| 1@ = e = alds < aTV(p)

and
/ |f(az) (z)|dx < (1 —a) TV(f)

Proof. Without loss of generality, we can assume that f is of bounded variation, i.e. TV(f) <

oo. Hence, there exist two positive and monotone increasing functions fi, fo, such that

f=/fi—fo, fi(u) = fa(u) =0 for u < 0, and fi(c0) + fa(o0) = TV(f). Set g = f1 + fo.

Then g is positive and monotone as well, and

1+a 1+a 1+a
/ (@) - fz - a)ldz < / (9(z +a) — g(x))dz < / g(x)de < aTV(J).
0 0 1
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In order to derive the second inequality, note that

1 1 a
/ |f(ax) ]d:v</0 (g(:n)—g(ax))dx:/ g(:c)d:n—l—(l—l/a)/o g(x)dx
1
< [ gds < (1= )TV
]

Lemma C.5. Suppose that supp C [0,1] and TV(¢)) < oo. Let (t,h) € T. Then, there

exists a constant K only depending on v, such that

o () - w(5)

, S K\/|h— W[+t —t].
Proof. Note that
12
[z - v,
< 2||w||oo/ (572 -
2
<ol [ fole7) - JNTCOREICS
Without loss of generality assume h’ < h. Using Lemma yields
t+h t+h'
JARECORE: (=t)+ [ o) - w5 s
1
= ol = 1)+ 1 [ () = ot

< lloo(h = B) + B (1= B) TV () < [[¥lloo + TV ()| Ih = ).

ds.

Similarly, assuming ¢ < ¢/,

[ fett) - ee)

E)|du < [t —t| TV ().

t'—t)/h'+1
/O () — 0 (
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