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2 SHAPE CONSTRAINED REGULARISATION

1. INTRODUCTION

In this paper, we are concerned with the solution of the equation

(1) Ku= g,

whereK : U → V is a linear and bounded operator mapping between two Hilbert-spacesU andV.
Equations of type (1) are calledwell-posedif for given g∈V there exists a unique solutionu∈U that
depends continuously on the right-hand sideg. If one of these conditions is not satisfied, the problem
is calledill-posed. In the case of ill-posedness, arbitrary small deviations in the right hand sideg may
lead to useless solutionsu (if solutions exist). These deviations are commonly modelled as random:
They are due to indispensable numerical errors as well as to the random nature of the measurement
process itself.(Statistical) regularisation methodsaim at computing stable approximations of true
solutionsu from a (statistically) perturbed signalg.

In this paper we assume thatu∈U is a solution of (1) and that we are given the observation

(2) Y = Ku+σε .

Here,σ > 0 denotes the noise-level andε : V → L2(Ω,A,P) a Gaussian white noise process, i.e.ε is
linear and continuous and for allv,w∈V one has

ε(v)∼ N (0,‖v‖2) and Cov(ε(v),ε(w)) = 〈v,w〉 .
Model (2) is denoted as a white noise model and it is very common in the theory of statistical inverse
problems [see e.g. 53, 66, 23, 20, 7, 25]. In model (2) it is technically easier to analyze estimation
methods foru compared to the sampling model

Yi = (Ku)(xi)+σεi,(3)

for i.i.d. errorsεi and sampling pointsxi , i = 1. . . ,n. From an asymptotic point of view both models
are equivalent in Le Cam’s sense. See [15, 70] for the regression case (i.e. whenK equals the embed-
ding operator) and [65] for a specific inverse problems setting. Hereσ = 1/

√
n, and the asymptotics

n→ ∞ in the sampling model (3) corresponds toσ → 0 in the white noise model (2).
Moreover, we consider the Poisson analogue to (3), i.e. we observeYi ∼ Pois(Ku(xi)), i = 1, . . . ,n.

Then it is well known (see [44]) that this again is asymptotically equivalent to a white noise model
with expectation 2

√
Ku (for one dimensional observationsYi ). This is also highlighted by the fact that

a Poisson variableY can be approximated well by a normal one provided the intensity is not to small,
e.g. by Anscombe’s transformation

√

Y+3/8 or variants of it ([14]). Another option is to exploit the
standardization(Y−λ )/

√
λ as we will explain in Example 1.2.

Hence, model (2) can be regarded as reasonable approximation relevant for many areas of applica-
tions. The simplest case is classical nonparametric regression and its amplitude of applications. Here
K is an embedding operatorK : U →֒ L2 modeling the smoothness of the functionu (cf. [7]). More
complicated instances ofK are given by various optical systems, whereK is given by a convolution
kernelk(x− y) (in engineering and physical terminology denoted as a pointspread function). This
includes the correction of the optical abberation of the Hubble Space Telescope ([46]) which has been
one of the most spectacular success stories of statistical deconvolution in astronomy. In general the
specific form of the PSF depends on the specification of the optical system, e.g. the lenses and posi-
tion and shape of the mirrors. Other examples includes interferometry ([5]) or the estimation of the
luminosity of the Milky Way based on satellite data ([8]), tomention a few. Methodologically related
to this is the rapidly growing area of far field fluorescence microscopy (see Example 1.2) where the
PSF typically is created by a diffraction limited excitation spot (generated by a laser beam) focusing a
plane wave. Recently, there has been achieved a revolution in this area by breaking the classical Abbe
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diffraction limit by rather sophisticated techniques, e.g. by stimulated emission depletion microscopy
(see [47, 48] for a survey) which leads to a different PSF thanfor confocal microscopy which is well
known to be close to the normal convolution (cf. Example 1.2).

More general, most analysis methods of modern biophysical chemistry rely heavily on estimation
methods in models of type (2). This includes Nuclear Magnetic Resonance (NMR) spectroscopy,
which is one of the most sensitive techniques for structure determination of molecules (see [21]) or
mass spectrometry such as matrix assisted laser desorptionionization or electrospray ionisation ([74]).
Recently, single molecule measurement techniques have been developed with great success, which all
require data processing by proper deconvolution techniques. We mention patch clamp for ion channel
recordings ([79]), fluorescence correlation spectroscopy([55]) for the analysis of biomolecular motors
or the use of optical tweezers for force investigations exerted by single molecules ([10]). Finally, we
stress that beyond convolution general Fredholm operatorsK occur in various other applications, e.g.
in seismic engineering (see e.g. [22]), in material sciences ([69]), Magnetic resonance imaging ([9]),
signal processing, tomography and network analysis ([57, 77]).

According to the amplitude of applications, literature on statistical regularisation methods is vast
and similar methods have often been invented independentlyin various communities. We only give
a few, selective references: Penalised least-squares estimation (that includes Tikohonov-Philipps and
maximum entropy regularisation) [6, 67, 78], wavelet basedmethods [31, 32, 51, 54, 52], estimation
in Hilbert-scales [7, 43, 59, 61, 62, 63] and regularisationby projection [19, 20, 25, 61, 50] to name
but a few.

In this work, we study a variational estimation scheme that defines estimators ˆu as solutions of

(4) inf
u∈U

J(u) subject to T
(

σ−1(Y−Ku)
)

≤ q(α).

Here, the functionT induces some notion ofdistanceon the image spaceV that measures the deviation
of the dataY and the estimated imageKu andJ is someregularisation functionalthat is supposed
to measures the regularity of candidate estimatorsu ∈ U . The parameterq(α) is chosen to be the
(1−α)-quantile of the statisticT(ε) and governs the trade-off between data-fit and regularity. Hence
theadmissible region

(5) A (α) =
{

u∈U : T(σ−1(Y−Ku))≤ q(α)
}

constitutes a(1−α)-confidence region for a solution ˆu of (4). This gives the estimation procedure
(4) a precise statistical interpretation: Since for each solution u† of (1) one hasu† ∈ A (α) with
probability at least 1−α it follows from (4) that

P
(

J(û)≤ J(u†)
)

≥ 1−α .

Summarizing, regularisation methods of type (4) pick amongall estimators ˆu for which the distance
betweenKû and the dataY does not exceed the threshold valueq(α) one with largest regularity. The
probability that this particular estimator is more regularthan any solution of (1) is bounded from
below by 1−α . This is in contrast to many other regularisation techniques where regularisation
parameters merely govern the trade-off between fit-to-dataand smoothness and do not allow such an
interpretation.

Whereas most of the literature is concerned with the proper choice of the regularisation functional
J, in this work we will discuss the issue of the data fidelity term T. We claim that from a statistical
perspective the choice ofT is of equal importance as the choice ofJ. WhereasJ comprises prior
smoothness or regularity assumptions onu, T measures the statistically significant deviations between
data and these regularity assumptions.
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In this paper we will introduce a particular family of distance functionsT, the so calledmultireso-
lution statistics (MR-statistics)within the framework of statistical inverse problems. In their simplest
form (see also Definition 3.1), MR-statistics coincide withextreme-value statistics of projections of
the residualsY−Ku onto a set of linear sub-spaces{λφn : λ ∈ R} for given elementsφn ∈V (with
‖φn‖= 1 andn∈N), that is we defineT = TN where

TN(v) = sup
1≤n≤N

|〈v,φn〉| , v∈V.

Under the hypothesis thatu is the true solution of (1), we have thatTN(σ−1(Y−Ku)) does not exceed
the thresholdq(α) with probability of at least 1−α . If, however,u is wrongly specified the residual
Y−Ku contains a non-random signal and for some 1≤ n0 ≤ N

(6) E(〈Y−Ku,φn0〉) 6= 0.

As an effect the statisticTN(σ−1(Y −Ku)) becomes relatively large andu happens to lie outside
the admissible domain of the optimisation problem (4). WhenT = TN is an MR-statistic, we call a
solutionû of (4) statistical multiresolution estimator (SMRE)(see also Definition 3.3).

The choice of the dictionary{φ1,φ2, . . .} is subtle, since it should not miss any non-random infor-
mation in the residual, if present. In principle,TN would be most sensible against a large variety of
signalsu, if we employ a large numberN such that the image spaceV is approximated sufficiently
well by span{φ1, . . . ,φN}. This approach, however, turns (4) into an optimisation problem with a
huge number of constraints which is hard to tackle numerically and is treated separately [see 41].
Besides these numerical difficulties, there is also a statistical limitation which will be a major issue
to be discussed in this paper: If the entropy of the system{φn}1≤n≤N becomes too large (asN → ∞),
the asymptotic distribution ofTN will degenerate and would hence be useless for our purposes.In
practical situations, a priori knowledge on the true solution of (1) can be used in order to design
dictionaries whose entropy guarantees a non-degenerate limit of TN and in addition allows to derive
rates of convergence of the SMRE to the true signal. A similarcomment applies to the choice of the
regularisation functionalJ which models a priori information on the regularity of the true solution.

Example 1.1. In the context of signal and image processingU andV usually represent suitable spaces
of functions on some domainΩ ⊂ R

d (such as Sobolev spaces). A dictionary to be investigated in
this paper in more detail is the class{φ1,φ2, . . .} of normalised indicator functions w.r.t. a system of
subsets{S1,S2, . . .} of Ω, i.e.

φn(x) =
1

λd(Sn)

{

1 if x∈ Sn

0 else.

Here, the setsSn are supposed to encode a priori information on the shape of the unknown signalu
andλd denotes thed-dimensional Lebesgue-measure onΩ. The MR-statisticTN thus reads

TN(v) = sup
1≤n≤N

1
λd(Sn)

∣

∣

∣

∣

∫

Sn

v(x) dx

∣

∣

∣

∣

, v∈V.

Hence choosingT = TN in (4) can be considered asshape constraintand the resulting estimation
method is capable of adapting the amount of regularization in a locally adaptivemanner. This is in
contrast to the widely used squared norm fidelityT(v) = ‖v‖2 that does not allow for adaptation to
local structures. We will give a detailed account of this particular instance of MR-statistics in Section
4.2.

The regularisation scheme (4) with MR-statisticTN was studied in [30] for the specific case of
non-parametric regression in one space dimension and the total-variation semi-norm as regularisation



SHAPE CONSTRAINED REGULARISATION 5

(a) Confocal microscopy dataY. (b) SMREû.

(c) Convolved SMREKû. (d) Standardized residuals(Y−Kû)/
√

Kû.

FIGURE 1. SMRE for image deblurring in confocal fluorescence microscopy (cf.
Example 1.2)

functional J. In the following example we illustrate that the general formulation in (3) reveals the
SMRE as a powerful regularisation method far beyond this situation: It can be extended to space
dimensions larger than one as well as to inverse problems with generalK as in (2) including deconvo-
lution problems. We emphasise that the MR-constraintTN(σ−1(Y−Ku)) ≤ q(α) has the appealing
property that it adapts to local features of the signal (image) as it is required in many imaging prob-
lems.

Example 1.2. Figure 1(a) depicts a confocal microscopy recording of theβ -tubulin distribution in a
PtK2 cell taken from a kidney ofpotorous tridactylus1. The image shows an area of 18×18 µm2 at a
resolution of 798×798 pixel. Before the recording, the proteinβ -tubulin is tagged with a fluorescent

1By kind permission of the department of NanoBiophotonics atthe Max Planck Institute for Biophysical Chemistry,
Göttingen.
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tracer. After point illumination by a laser beam the probe isscanned and the resulting photons are
registered (for more details on confocal microscopy see [68]).

For each pixel(i, j) the observationYi j in Figure 1(a) can be modelled as a Poisson random variable
with (unknown) intensity(Ku)i j where the operatorK denotes the convolution with a point spread
function (psf) of the optical system. It is custom to model the psf as a symmetric Gaussian kernel,
in the present case with a full width at half maximum of 230nm.In the interior of the PtK2 cell the
photon count-rates are sufficiently large (> 50) such that it is justified to assume that(Y −Ku)i j /
√

(Ku)i j ∼ N (0,1). In the outer region only background noise is detected that does not carry any
information (photon count-rates up to 10 the most). Figure 1(b) shows the solution ˆu of

inf
u∈U

J(u) subject to TN

(

(Y−Ku)/
√

Ku
)

≤ q(α)

with TN being an MR-statistic w.r.t. the dictionary in Example 1.1 where the setsSn are chosen to
consist of all discrete squares of sidelength 1, . . . ,25 pixel. Moreover,J is chosen to be the total
variation semi-norm (cf. Section 4.3) andα is set to 0.1 such that a confidence level of 0.9 results.

As it becomes apparent from Figure 1(b), the reconstructionexhibits an appealing locally adaptive
behaviour due to the shape constraint in (4): The gaps between theβ -tubulin filaments, that actually
make up the multiscale nature of the image, are reconstructed equally well independent of their size.
Figure 1(c) depicts the convolved estimatorKû and Figure 1(d) shows the standardized residual(Y−
Kû)/

√
Kû. Visually, the residual in the interior of the PtK2 cell resembles white noise as desired.

This example indicates that SMRE is a promising approach forlocally adaptive image reconstruction.
Theoretical evidence for this will be given in Section 4.3 and particularly in Example 4.15. For more
examples, details on implementation and algorithms we refer to [41].

In this paper we present very general consistency and convergence rates results for SMRE in the
context of statistical inverse problems and discuss their impact on particular applications. To our best
knowledge, results of this type have never been obtained before. It is necessary to assume additional
regularity of the true solution of (1) in order to come up withconvergence rates results. In the context
of inverse problems, this is usually done by formulating so-calledsource conditions. These determine
smoothness classes of solutions for (1) that guarantee riskbounds and fast convergence of the esti-
mator to the true signal. In this work we study the standard source conditions used in the framework
of Bregman-divergences that yield for each penalty functional J in (4) onespecific smoothness class.
As shown in Section 4 this can be considered as a generalization of the Sobolev-class of functions
with exponent 1/2. The formulation of conditions that give optimal convergence rates in ascaleof
smoothness classes for a general butfixed Jto our knowledge is still open and will not be treated in
this work.

This paper is organised as follows. After reviewing some basic definitions from convex analysis and
the theory of inverse problems in Section 2 we develop a general scheme for estimation of solutions of
(1) in Section 3. We use the regularisation scheme (4) where we employ MR-statisticsTN as distance
measuresT (Section 3.1). In Section 3.2 we then prove consistency and convergence rate results in
terms of the Bregman-divergence w.r.t. the regularisationfunctional J. In Section 4 we study the
performance of the so constructed estimators for typical examples, as the Gaussian sequence model
(Section 4.1) and linear inverse regression problems (Section 4.2). In Section 4.3 we investigate the
particular situation when the regularisation functionalJ is chosen to be the total-variation semi-norm,
which has a particular appeal for imaging problems. Finally, some examples that illustrate the notions
of source-condition and Bregman-divergence are given in Appendix A and the proofs of the main
results as well as some auxiliary lemmata are collected in Appendix B.
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2. BASIC DEFINITIONS

In this section we summarise some relevant definitions and assumptions needed throughout the
paper. . We start with stating minimal assumptions on the functional analytic setting

Assumption 2.1. (i) U and V denote separable Hilbert spaces. The norms on U andV are not
further specified, and will be always denoted by‖·‖, since the meaning is clear from the context.

(ii) Let J : U → R be a convex functional from U into the extended real numbersR= R∪{∞}. The
domain of J is defined by

D(J) = {u∈U : J(u) 6= ∞} .
J is calledproperif D(J) 6= /0 and J(u)> −∞ for all u ∈U. Throughout this paper J denotes a
convex, proper and lower semi-continuous (l.s.c.) functional with dense domain D(J).

(iii) K : U →V is a linear and bounded operator. Byran(K) = K(U) we denote the range of K.

In the course of this paper we will frequently make use of tools from convex analysis. For a standard
reference see [36].

• The sub-differential (or generalised derivative)∂J(u) of J atu is the set of all elementsp∈U
satisfying

J(v)−J(u)−〈p,v−u〉 ≥ 0 for all v∈U.

Thedomain D(∂J) of the sub-gradient consists of allu∈U for which ∂J(u) 6= /0.
• We will prove consistency of estimators with respect to theBregman-divergence. Foru∈D(J)

the Bregman-divergence ofJ betweenu andv is defined by

DJ(v,u) = J(v)−J(u)−J′(v)(v−u)

whereJ′(v)(v−u) denotes the directional derivative ofJ atv in directionv−u. The directional
derivative is defined as

J′(v)(w) = lim
h→0+

J(v+hw)−J(v)
h

.

and is well defined for convex functions (possibly with values in [−∞,∞]).
• Foru∈ D(∂J) the Bregman-divergence ofJ betweenu andv w.r.t. ξ ∈ ∂J(u) is defined as

Dξ
J (v,u) = J(v)−J(u)−〈ξ ,v−u〉 .

The following basic estimates hold

0≤ DJ(v,u) ≤ Dξ
J (v,u), for all ξ ∈ ∂J(u).

Remark2.1. Clearly, the Bregman-divergence does not define a (quasi-)metric onU : It is non-negative
but in general it is neither symmetric nor satisfies the triangle inequality. The big advantage, however,
of formalising asymptotic results w.r.t. to the Bregman-divergence (such as consistency or conver-
gence rates) for estimators defined by a variational scheme of type (4), is the fact, that the regularising
properties of the used penalty functionalJ are incorporated automatically. If, for example, the func-
tionalJ is slightly more than strictly convex, it was shown in [71] that convergence w.r.t. the Bregman-
divergence already implies convergence in norm. If, however, J fails to be strictly convex (e.g. if it
is of linear growth) it is in general hard to establish norm-convergence results but convergence results
w.r.t. the Bregman-divergence, though weaker, may still beat hand. In Examples A.1-A.4 as well as
in Section 4.3 we compute the Bregman-divergence for some particular choices ofJ.

The concept of Bregman-divergence in optimisation was introduced in [12] and has recently at-
tracted much attention e.g. in the inverse problems community [see 17, 42, 27] or in statistical and
machine learning [26, 56, 80].
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Next, we introduce different classes of solutions for Equation (1) discussed in this paper.

Definition 2.2. (i) Let u∈ D(J) be a solution of (1). Theng is calledattainable.
(ii) An elementu∈ D(J) is calledJ-minimising solutionof (1), if u solves (1) and

J(u) = inf {J(ũ) : Kũ= g} .
(iii) Let g ∈ V be attainable. An elementp ∈ V is called asource elementif there exists aJ-

minimising solutionu of (1) such that

(7) K∗p∈ ∂J(u).

Then, we say thatu satisfies the source condition(7).

It is well-known in the theory of inverse problems with deterministic noise [see 37] that the source
condition (7) is sufficient for establishing convergence rates for regularisation methods. It can be un-
derstood as a regularity condition forJ-minimising solutions of Equation (1). Put differently, for each
regularisation functionalJ and each operatorK, the source condition (7) characterisesone particu-
lar smoothness-class of solutions for (1) for which fast reconstruction is guaranteed. We clarify the
notionsBregman-divergenceandsource conditionby some examples in Appendix A.

Under fairly general conditions existence ofJ minimising solution can be guaranteed. We formalise
these conditions in the following result, however, we omit the proof since it is standard in convex
analysis [see 36, Chap. II Prop. 2.1].

Proposition 2.3. Let g∈V be attainable and assume that for all c∈ R the sets

(8) {u∈U : ‖Ku‖+J(u)≤ c}
are sequentially weakly compact. Then, there exist a J-minimising solution of(1).

3. A GENERAL SCHEME FORESTIMATION

In this section we construct a family of estimators ˆu for J-minimising solutions (cf. Definition 2.2)
of Equation (1) from noisy dataY given by the white noise model (2). We define the estimators ina
variational framework and prove consistency as well as convergence rates results in a rather general
setting.

3.1. MR-Statistic and SMR-Estimation. We introduce a class of similarity measures in order to
determine whether the residualsY−Kû for a given estimator ˆu∈U resemble a white noise process or
not. We will consider the extreme-value distribution of projections of the residuals onto a predefined
collection of lines inV. To this end, assume that

Φ = {φ1,φ2, . . .} ⊂ ran(K)\{0}
is a fixed dictionary such that‖φn‖ ≤ 1 for all n∈ N. For the sake of simplicity, we will frequently
make use of the abbreviationφ∗

n = φn/‖φn‖.

Definition 3.1. Let {tN : R+× (0,1]→ R}N∈N be a sequence of functions that satisfy the following
conditions

(i) For all r ∈ (0,1], the functions 7→ tN(s, r) is convex, increasing and Lipschitz-continuous with
Lipschitz-constantsLNr such thatLNr ≤ L < ∞ for all N ∈N and

(9) 0> λN(r) := inf
s∈R+

tN(s, r) >−∞.
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(ii) There exist constantsc1,c2 > 0 andσ0 ∈ (0,1) such that for all 0< σ < σ0

(10) tN(s, r) ≥ c1s+c2tN(σs, r) for (s, r) ∈R
+× (0,1] andN ∈ N.

Then, forN ∈ N, the mappingTN : V → R defined by

TN(v) = sup
1≤n≤N

tN (|〈v,φ∗
n 〉| ,‖φn‖)

is called amultiresolution statistic (MR-statistic).

Remark3.1. Let ε : V → L2(Ω,A,P) be a white noise process and consider the random variables

TN(ε) = sup
1≤n≤N

tN (|ε(φ∗
n )| ,‖φn‖) .

Then, for a levelα ∈ (0,1) we denote the(1−α)-quantile ofTN(ε) by qN(α), that is,

(11) qN(α) := inf {q∈ R : P(TN(ε)≤ q)≥ 1−α}
Definition 3.1 allows for a vast class of MR-statistics and the conditions in (i) and (ii) appear rather

technical. The following example sheds some light on a special class of MR-statistics that later on
will be studied in more detail. We note, however, that our general setting also applies to more involved
statistics, as e.g. introduced in [34, 35].

Example 3.2. Assume that{ fN : (0,1]→ R}N∈N is a sequence of positive functions and define

tN(s, r) := s− fN(r).

Then, the assumptions in Definition 3.1 are satisfied; to be more precise, we can setL = 1, λN(r) =
− fN(r) andc1 = 1−σ0 andc2 = 1, whereσ0 ∈ (0,1) is arbitrary but fixed.

Our key paradigm is that an estimator ˆu for a solution of (1) fits the dataY sufficiently well, if the
statisticTN(Y−Kû) does not exceed the thresholdqN(α) (α ∈ (0,1) andN ∈ N fixed). Among all
those estimators we shall pick themost parsimoniousby minimising the functionalJ.

Definition 3.3. Let N ∈ N andα ∈ (0,1). Moreover, assume thatTN is an MR-statistic and thatY is
given by (2). Then every element ˆuN(α) ∈U solving the convex optimisation problem

(12) inf
u∈U

J(u) s.t. TN(σ−1(Y−Ku))≤ qN(α)

is called astatistical multiresolution estimator (SMRE).

An SMRE ûN(α) depends on the regularisation parametersN ∈ N andα ∈ (0,1) that determine
the admissible regionAN(α) for T = TN in (5).

In order to guarantee existence of a solution of the convex problem in Definition 3.3, that is exis-
tence of an SMRE, it is necessary to impose further standard assumptions:

Assumption 3.4. There exists N0 ∈N such that for all c∈ R the sets

Λ(c) =

{

u∈U : sup
1≤n≤N0

|〈Ku,φ∗
n 〉|+J(u)≤ c

}

are sequentially weakly compact.

Assumption 3.4 guarantees (weak) compactness of the level sets of the objective functionalJ re-
stricted to the admissible regionAN(α). We note, that ifJ is strongly coercive (e.g. whenJ is as in
Example A.1 or A.4) then Assumption 3.4 is satisfied without any restrictions on the operatorK. If J
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lacks strong coercivity (as it is e.g. the case with the total-variation semi-norm studied in Section 4.3)
additional properties ofK are required in order to meet Assumption 3.4.

Application of standard arguments from convex optimisation yields

Proposition 3.5. Assume that Assumption 3.4 holds and let N≥ N0 andα ∈ (0,1]. Then, an SMRE
ûN(α) exists.

Finally, we note that Assumption 3.4 already implies the requirements in Proposition 2.3 and con-
sequently existence ofJ-minimising solutions.

3.2. Consistency and Convergence Rates.We investigate the asymptotic behaviour of ˆuN(α) as
the noise levelσ in (2) tends to zero. According to the reasoning following Definition 3.3, the pa-
rametersN ∈ N andα ∈ (0,1) can be interpreted as regularisation parameters and have tobe chosen
accordingly: The model parameterN has to be increased in order to guarantee a sufficiently accurate
approximation of the image spaceV, whereas the test-levelα tends to 0 such that the true solution
(asymptotically) satisfies the constraints of (12) almost surely. We formulate consistency and conver-
gence rate results by means of the Bregman-divergence of theSMREûN(α) and a true solutionu† in
terms of almost sure convergence.

Throughout this section we shall assume that Assumptions 2.1 and 3.4 hold and that{σk}k∈N is
a sequence of positive noise-levels in (2) such thatσk → 0+ ask → ∞. Moreover, we assume that
{αk}k∈N ⊂ (0,1) is a sequence of significance levels and thatNk ≥ N0 is such that

(13)
∞

∑
k=1

αk < ∞ and lim
k→∞

Nk = ∞.

Theorem 3.6. Let u† be a J-minimising solution of(1) where g∈ spanΦ and assume that

sup
N∈N

TN(ε)< ∞

and

(14) ζk := σk max

(

inf
1≤n≤Nk

λNk(‖φn‖),
√

− logαk

)

→ 0.

Then, forûk := ûNk(αk) as in(12)one has

(15) sup
k∈N

‖ûk‖< ∞, J(ûk)→ J(u†) and DJ(u
†, ûk)→ 0 a.s.

as well as

(16) limsup
k→∞

sup
1≤n≤Nk

∣

∣

〈

φ∗
n ,Kûk−Ku†

〉
∣

∣

ζk
< ∞ a.s.

Theorem 3.6 states that if for a given vanishing sequence of noise levelsσk, suitable (in the sense
of (14)) sequences of regularisation parametersNk andαk can be constructed, then the sequences of
corresponding SMRE converges to a trueJ-minimising solutionu† w.r.t. the Bregman-divergence. We
note that the assumption on the boundedness of MR-statisticTN(ε) is crucial and in general non-trivial
to show.

It is well known that without further regularity restrictions onu†, the speed of convergence in (15)
can be arbitrarily slow.Source conditionsas in Definition 2.2 (iii) are known to constitute sufficient
regularity conditions with quadratic fidelityT (cf. [59, 7, 58]). In our situation, where the fidelity
controls the maximum over all residuals, we additionally have to assume that the source elements
exhibit certain approximation properties:
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Assumption 3.7. There exists a J-minimising solution u† of (1) that satisfies the source condition(7)
with source element p†. Moreover, for n,N ∈ N there exist bn,N ∈ R such that

(17) errN(p
†) :=

∥

∥

∥

∥

∥

p†−
N

∑
n=1

bn,Nφ∗
n

∥

∥

∥

∥

∥

→ 0 and sup
N∈N

N

∑
n=1

|bn,N|< ∞.

Remark3.2. i) Assumption 3.7 amounts to say that there exists aJ-minimising solutionu† that
satisfies the source condition (7) with a source elementp† that can be approximated sufficiently
well by the used dictionaryΦ. From (7) it becomes clear that we can always assume thatp† ∈
ran(K), such that the first condition in (17) is not very restrictive, in fact.

ii) Good estimates of approximation errors for non-orthogonal dictionariesΦ are hard to come up
with in general. Examples of non-orthogonal dictionaries where such estimates are available are
wavelet- [28] and curvelet- [18] frames.

iii) It is important to note that, given prior information onthe true solutionu†, the conditions in
Assumption 3.7 may indicate whether a given dictionary is well suited for the reconstruction of
u† or not. As we will see in Section 4, a priori information on thesmoothness ofu† can typically
be employed.

Theorem 3.8. Let the requirements of Theorem 3.6 be satisfied and assume further that Assumption
3.7 holds with g∈ spanΦ. If ηk := max(ζk,errNk(p

†))→ ∞, then

(18) limsup
k→∞

DK∗p†

J (ûk,u†)

ηk
< ∞ and limsup

k→∞
sup

1≤n≤Nk

∣

∣

〈

φ∗
n ,Kûk−Ku†

〉∣

∣

ηk
< ∞ a.s.

Remark3.3. The convergence rate result in Theorem 3.8 is rather general, in the sense that the rate
function ηk in (18) has to be determined for each choice ofK, J and Φ separately. We outline a
general procedure how this can be done in practice: assume that u† is aJ-minimising solution of (1)
that satisfies Assumption 3.7 with a source elementp†.

(i) The sequence{− inf1≤n≤N λN(‖φn‖)}N∈N is positive according to (9). Hence

Nk := inf

{

N ∈ N : errN(p
†)≤−σk inf

1≤n≤N
λN(‖φn‖)

}

is well-defined and since{σk}k∈N is non-increasing one hasNk ≤ Nk+1 andNk → ∞ ask→ ∞.
(ii) After setting ηk = −σk inf1≤n≤Nk λNk(‖φn‖) it remains to check that the sequence of test-levels

αk = exp
(

−(κηk/σk)
2
)

is summable (for some constantκ > 0).

For the so constructed sequencesNk, ηk andαk, the assertions of Theorem 3.8.

4. APPLICATIONS AND EXAMPLES

In Section 3 we developed a general method for estimation ofJ-minimising solutions of linear
and ill-posed operator equations from noisy data. Our estimation scheme thereby employed the MR-
statisticTN (cf. Definition 3.1). In this section we will study particular instances of MR-statistics
covered by the general theory in Section 3:

• We study the case whereTN constitutes the extreme-value statistic of the coefficients w.r.t. an
orthonormal dictionaryΦ (Section 4.1). We show how Assumption 3.7 in this case reduces
to the requirement that the true solutionu† lies in a Sobolev-ellipsoid w.r.t. the systemΦ.
Moreover, it will turn out that for the case whenΦ denotes the eigensystem of a compact
operator, SMR estimation can be considered as soft-thresholding.
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• In Section 4.2 we skip the assumption of orthonormality and examine general SMR-estimation
w.r.t. (non-orthonormal) dictionaries that satisfy certain entropy conditions. In particular, we
will consider the case whenU =V = L2([0,1]d) and whenΦ consists of indicator functions
w.r.t. a redundant system of subcubes in[0,1]d. As indicated in Example 1.1, the main
application we here have in mind is locally adaptive imaging.

• Finally, we study the case when the penalty functionalJ is chosen to be the total-variation
semi-norm onU = L2(Ω) in Section 4.3. We shed some light on the meaning behind the
source-condition (7) and the Bregman-divergence for total-variation regularisation, comple-
menting the examples in Appendix A. Additionally, we highlight the implications of our
general convergence rate results for image deconvolution (cf. Example 1.2).

Throughout this section we assume that Assumptions 2.1 and 3.4 hold. Moreover, we shall agree
upon{σk}k∈N being a sequence of noise levels such thatσk → 0+ and that fork ∈ N there areαk ∈
(0,1) andNk ∈ {N0,N0+1, . . .} such that (13) holds.

4.1. Introductory Example: Gaussian Sequence Model.In this section we shall consider the case
where the dictionaryΦ = {φ1,φ2, . . .} constitutes an orthonormal basis ofran(K). Evaluation of
Equation (2) at the elementsφn hence yields

yn = θn+σεn,

whereY(φn) = yn, θn = 〈Ku,φn〉 andεn = ε(φn). We define the MR-statisticTN by settingtN(s, r) =
s−√

2logN in Definition 3.1. In other words, we consider the maximum of the coefficients w.r.t to
the dictionaryΦ, that is

(19) TN(v) = sup
1≤n≤N

|〈v,φn〉|−
√

2logN.

Since {φ1,φ2, . . .} are linearly independent and normalised, it follows that the random variables
ε1,ε2, . . . are independent and standard normally distributed. This implies that supN∈N TN(ε) < ∞
holds almost surely.

In what follows, we will apply Theorems 3.6 and 3.8 to the present case. To this end, we observe
that forσ > 0 andN ∈ N it follows that

−σ inf
1≤n≤N

λN(‖φn‖) = σ
√

2logN.

With the above preparations, we are able to reformulate the consistency result in Theorem 3.6.

Corollary 4.1. Let u† ∈U be aJ-minimising solution of (1) whereg∈ spanΦ. Moreover, assume that
σ2

k max(logNk,− logαk)→ 0. Then, the SMRE ˆuk = ûNk(αk) almost surely satisfies (15) and (16).

In order to apply the convergence rate result in Theorem 3.8,Assumption 3.7 has to be verified. We
setbn,N ≡

〈

p†,φn
〉

in Assumption 3.7. Note that the expression errN(p) denotes the approximation er-
ror of theN-th partial Fourier-series w.r.t.Φ. Thus, Assumption 3.7 is linked to absolute summability
of the Fourier-coefficients w.r.t. the basisΦ, i.e.

(20)
∞

∑
n=1

∣

∣

〈

p†,φn
〉
∣

∣< ∞

TheBernstein-Stechkin criterionis a classical method for testing for absolute summability.We present
a version suitable for our purpose in the following

Proposition 4.2. Let p† ∈V. Then,(20) is satisfied if∑∞
N=1errN(p†)/

√
N < ∞.
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Proof. The classical version of the Bernstein-Stechkin Theorem [see e.g. 64, Thm. 7.4] states that for
each f ∈ L2([0,1]) and each ON-basisv= {v1,v2, . . .} of L2([0,1]), the Fourier-coefficients off are
absolutely summable, if∑∞

N=1 errN(p†)/
√

N < ∞. Since each separable Hilbert space is isometrically
isomorph to L2([0,1]), the assertion finally follows. �

Following the procedure outlined in Remark 3.3 (Section 3) we define

(21) Nk := inf
{

N ∈ N : errN(p
†)≤ σk

√

2logN
}

and ηk := σk

√

2logNk.

Corollary 4.3. Let g∈V be attainable andu† ∈U be aJ-minimising solution of (1) that satisfies the
source condition with a source elementp† such that (4.2) holds. Moreover, letNk andηk be defined
as in (21). If

αk := e
−
(

κηk
σk

)2

= N−2κ2

k ∈ ℓ1(0,1)

for a constantκ > 0, then the SMRE ˆuk = ûNk(αk) almost surely satisfies (18).

The problem of characterising those elementsp† ∈ V that satisfy the assumption of Proposition
(4.2) is a classical issue in Fourier-analysis and approximation theory. Sufficient condition are usually
formalised by characterising the decay properties of the Fourier-coefficients. In a function space
setting, this leads to particular smoothness classes of functions and in the general situation can be
given in terms ofSobolev ellipsoids: for a constantsβ ,Q > 0 we defineΘ(β ,Q) as the infinite-
dimensional ellipsoid

(22) Θ(β ,Q) =

{

θ ∈ ℓ2 : ∑
n∈N

n2β θ2
n ≤ Q2

}

.

The Sobolev class W(β ,Q) ⊂ V is then defined to consists of allv ∈ V such that{〈v,φn〉}n∈N ⊂
Θ(β ,Q) [see 75, Sec.1.10.1]. Forv∈W(β ,Q) we have that Proposition 4.2 is applicable ifβ > 1/2.

Example 4.4. Assume thatJ(u) = 1
2 ‖u‖2 and letK be a compact operator with singular value de-

composition (SVD){(ψn,φn,sn)}n∈N: {ψn}n∈N is an orthonormal basis (ONB) of ker(K)⊥, {φn}n∈N
is an ONB ofran(K) and the singular values{sn}n∈N are positive andsn → 0 asn→ ∞. Moreover

(23) Kψn = snφn and K∗φn = snψn,

for all n ∈ N. For N ∈ N and α ∈ (0,1] it turns out (e.g. by applying the method of Lagrangian
multipliers) that the SMRE ˆuN(α) with TN as in (19) is ashrinkage estimatorgiven by

ûN(α) =
N

∑
n=1

s−1
n yn

(

1− qN(α)+
√

2logN
|yn|

)

+

ψn.

We note that ˆuN(α) is a particular instance of a soft thresholding estimator.
Now, let u† ∈U be a minimum-norm solution of (1) that satisfies the source condition K∗p† = u†

(cf. Example A.1) with source elementp† ∈W(β ,Q) for Q> 0 andβ > 1/2. Then, errN(p†)≤QN−β

and it follows from (21) that

Nk ∼
(

Q
σk

)2

and ηk ∼ σk

√

− logσk.

If σk has polynomial decay, we can choose a constantκ > 0 such thatαk = exp(−(κηk/σk)
2) = σ κ2

k
is summable and it follows from Corollary 4.3 and Example A.1that

limsup
k→∞

1
σk
√− logσk

∥

∥u†− ûNk(αk)
∥

∥

2
< ∞ a.s.
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This corresponds to the choiceγk = σk
√− logσk in [6].

As mentioned above, sufficient conditions for the Bernstein-Stechkin criterion (cf. Proposition
4.2) in a function space setting are usually formalised in characterising smoothness properties. The
following example shows how this applies to Hölder-continuity.

Example 4.5. LetV = L2
per([0,1]) be the Hilbert space of all square-integrable and periodic functions

on the unit interval. Moreover, we assume thatran(K) = L2([0,1]) and consider thetrigonometric
basis

φ2n =
√

2cos(nπx) and φ2n+1 =
√

2sin(nπx).

Assume thatp† ∈ Hβ ([0,1])∩V (cf. Definition B.4) withβ > 1/2. Then we have that errN(p†) ≤
QN−β logN for a suitable constantQ> 0 and therefore it follows from Proposition 4.2 that (20) holds.

Hence, ifu† is a J-minimising solution of (1) that satisfies the source condition (7) with source
elementp† ∈ Hβ ([0,1]) and if the sequencesNk,ηk andαk are chosen as in Example 4.4, then ˆuk =
ûNk(αk) almost surely satisfy (18).

Remark4.1. i) The assertions of Example 4.5 still hold if the trigonometric basis is replaced by
any other orthonormal basis{φn}n∈N of ran(K) such that the Bernstein-Stechkin criterion 4.2 is
satisfied. This holds for example for a vast class of orthonormal wavelet bases of L2([0,1]) as
studied in [24].

ii) For the trigonometric basis in Example 4.5, the Bernstein-Stechkin criterion 4.2 can be replaced
by the requirement thatp† ∈ Hβ ([0,1]) for anyβ > 0 is additionally of bounded variation [see
82, Vol.1 Thm.3.6].

4.2. Non-orthogonal Models. In contrast to Section 4.1, where we considered orthonormaldictio-
naries, we will now focus on more general (non-orthonormal)systems. In other words, we consider
sequences

Φ = {φ1,φ2, . . .} ⊂ ran(K)\{0}
and assume that‖φn‖ ≤ 1 for all n ∈ N. Moreover, we will make use of the MR-statisticTN (cf.
Definition 3.1) defined by

(24) tN(s, r) = s−
√

−2γ logr , (s, r) ∈R
+× (0,1]

whereγ > 0 is a constant. As outlined in Example 3.2, one verifies thattN(s, r) satisfies the assump-
tions of Definition 3.1. In particular, we find thatλN(r) =−√−2γ logr >−∞ for all r ∈ (0,1].

The parameterγ that appears in (24) has to be chosen appropriately in dependence onΦ in order
to guarantee that the MR-statisticTN(ε) is bounded almost surely. A sufficient condition onγ has for
example been given in [35, Thm 7.1]

Proposition 4.6. If there exists constants A,B> 0 such that

(25) D(uδ ,{φ ∈ Φ : ‖φ‖ ≤ δ})≤ Au−Bδ−γ , for all u,δ ∈ (0,1]

then almost surelysupN∈N TN(ε)< ∞. Here D denotes the capacity number (cf. Definition B.6).

Corollary 4.7. Let u† ∈U be aJ-minimising solution of (1) whereg∈ spanΦ andγ > 0 be chosen
such that the assumption of Proposition 4.6 is satisfied. Moreover, assume that

σ2
k min( min

1≤n≤Nk

log(‖φn‖) , logαk)→ 0.

Then, the SMRE ˆuk = ûk(αk) almost surely satisfies (15).



SHAPE CONSTRAINED REGULARISATION 15

In order to apply the convergence rate results in Theorem 3.8, it is necessary that aJ-minimising
solutionu† of (1) satisfies the source condition (7) with a source element p† that can be approximated
by the dictionaryΦ sufficiently well (cf. Assumption 3.7). We illustrate the assertion of Theorem 3.8
whenU =V = L2([0,1]d) (d≥ 1) and whenΦ consists of a countable selection of indicator functions
on cubes in[0,1]d (cf. Example 1.1).

First, we shall examine when Proposition 4.6 holds. To this end, we will focus first on the (un-
countable) collectionΦs of indicator functions on cubes in[0,1]d. Then, according to Proposition
B.8, the assumptions of Proposition 4.6 are satisfied forΦ = Φs andγ = d. Particularly, it follows
that the assertion of Proposition 4.6 also holds for arbitrary (countable) sub-systemsΦ ⊂ Φs, that is
the statistic

TN(ε) = sup
1≤n≤N

|ε(χQn)|−
√

−d log(λd(Qn)) where χQn ∈ Φ

stays bounded a.s. asN → ∞ (note here, that‖χQn‖=
√

λd(Q)).
Next, we study Assumption 3.7 in the present setting. LetP = {Q1,Q2, . . .} be a countable system

of cubes and setΦ = {χQn : n∈ N}. We shall assume thatP satisfies the conditions of Lemma B.5
(whereX = [0,1]d andAi = Qi for i ∈N). Let{nl}l∈N and{δl}l∈N be defined accordingly. Moreover,
we define

εl = inf
nl< j≤nl+1

√

λd(Q j) = inf
nl< j≤nl+1

∥

∥χQ j

∥

∥ ,

where we assume that{εl}l∈N is non-increasing. This means that we decompose the set[0,1]d into
sub-cubes

{

I j
}

nl< j≤nl+1
whose size (orscale) is bounded by[εl ,δl ]. It is more natural to formulate

convergence rate results in terms of the total numberm of used scales rather than in the total number
of sub-cubesN = N(m) = nm+1. Following Remark 3.3 and applying Lemma B.5 we therefore define
for a given continuous functionp† : [0,1]d → R

(26) mk := inf

{

m∈N :
m+1

∑m
ν=0ω−2(δν , p†)

≤−2σ2
k logεm

}

and ηk := σk

√

−2logεmk.

Hereω(·, p†) denotes the modulus of continuity ofp† (cf. Definition B.4). With this and the general
convergence rate result in Theorem 3.8 we immediately obtain

Corollary 4.8. Let u† ∈ L2([0,1]d) be aJ-minimising solution of (1) whereg ∈ spanΦ and that
satisfies the source condition (7) with source elementp† ∈ C([0,1]d). Moreover, letmk andηk be
defined as in (26). If

lim
k→∞

ηk = 0 and αk := e
−
(

κηk
σk

)2

= ε−2κ2

mk
∈ ℓ1(0,1)

for a constantκ > 0, then the SMRE ˆuk = ûN(mk)(αk) almost surely satisfy (18).

Example 4.9. We consider the system of all dyadic partitionsP = P2 of [0,1]d as in Example B.9.
In particular, we note that the assumptions of Lemma B.5 are fulfilled with nl = (2d(l+1)−1)/(2d−1),
δl = 2−l

√
d andεl = 2−ld/2.

If p† ∈Hβ ([0,1]
d) for 0< β ≤ 1, then there exists a constantQ=Q(p†)> 0 such thatω(δl , p†)≤

Qδ β
l . This shows that

m+1

∑m
ν=0ω−2(δν , p†)

≤ Q2dβ (22β −1)
m+1

22β(m+1)−1
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for m∈N large enough. From this and (26) it is easy to see, that

mk+1∼ 1
2β log2

log

(

Q2d2(22β −1)

d log2σ2
k

+1

)

and ηk ∼ σk

√

− logσk.

Thus, if there exists a constantκ > 0 such that

αk = e
−
(

κηk
σk

)2

= σ κ2

k

is summable and if the trueJ-minimising solutionu† satisfies the source condition (7) with source
elementp† ∈ Hβ ([0,1]), then it follows that the SMRE ˆuk = ûN(mk)(αk) almost surely satisfy (18)
with ηk = σk

√− logσk.

4.3. TV-Regularisation. In this section we will study SMR-estimation for the specialcase where
J denotes thetotal-variation semi-normof measurable, bi-variate functions. This has a particular
appeal for linear inverse problems arising in imaging (suchas deconvolution), since discontinuities
along curves (edges, that is) are not smoothed by minimisingJ.

Over the last years regularisation of (inverse) regressionproblems in a single space dimension
invoking the total-variation semi-norm has been studied intensively and efficient numerical methods,
such as thetaut-string algorithmin [29], have been proposed (see e.g. [29, 30, 60] and references
therein). In two or more space dimensions, however, the situation is much more involved and a
generalisation is difficult [see e.g. 49]. We study here an extension to the case of space dimension 2
as well as to deconvolution by applying the results in Section 3 to the following setting:

We assume henceforth thatΩ ⊂ R
2 is an open and bounded domain with Lipschitz-boundary∂Ω

and outer unit normalν . Moreover, we setU = L2(Ω) and define BV(Ω) to be the collection ofu∈U
whose derivative Du (in the sense of distributions) is a signedR2-valued Radon-measure with finite
total-variation|Du|, that is

|Du| (Ω) = sup
ψ∈C1

0(Ω,R2)
|ψ |≤1

∫

Ω
div(ψ)udx< ∞.

We note that the norm‖u‖BV := ‖u‖L1 + |Du|(Ω) turns BV(Ω) into a Banach-space and that with
this norm BV(Ω) is continuously embedded into L2(Ω). The embedding is even compact if L2(Ω) is
replaced by Lp(Ω) with p< 2 (a proof of these embedding results can be found in [1, Thm. 2.5]. For
an exhaustive treatment of BV(Ω) see [38, 81]). With this, we define

J(u) =

{

|Du| (Ω) if u∈ BV(Ω)

+∞ else.

The functionalJ is convex and proper and, as it was shown e.g. in [1, Thm. 2.3],J is lower semi-
continuous on L2(Ω). This shows, thatJ satisfies Assumption 2.1 (ii). Next, we examine Assumption
3.4:

Lemma 4.10. If there existsn0 ∈ N such that|〈K1,φn0〉| > 0 then Assumption 3.4 holds. Here,1
denotes the constant 1-function onΩ.

Proof. Let c ∈ R and{uk}k∈N ⊂ Λ(c). Then in particular it follows that supk∈N J(ukn) ≤ c< ∞ and
thus we find with Poincaré’s inequality [see 81, Thm. 5.11.1]

‖uk− ūk‖L2 ≤ c1J(uk)≤ c2 < ∞
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for suitable constantsc1,c2 ∈ R, where ¯uk = λ2(Ω)−1∫

Ω uk(τ)dτ . Now chooseφ ∈ {φ1, . . . ,φN} and
observe that

|ūk| |〈φ ,K1〉|
‖φ‖ =

|〈φ ,Kūk〉|
‖φ‖ ≤ |〈φ ,K(ūk−uk)〉|

‖φ‖ +
|〈φ ,Kuk〉|

‖φ‖

≤ ‖K‖‖uk− ūk‖L2 + sup
1≤n≤N

|〈Kuk,φn〉|
‖φn‖

≤ ‖K‖c2+c.

Let 1≤ n0 ≤ N be such that|〈K1,φn0〉|=: γ > 0. Then,|ūn| ≤ (‖K‖c2+c)‖φn0‖/γ =: c3 and we find

‖un‖L2 ≤ (‖un− ūn‖L2 +‖ūn‖L2)≤ c2+c3λ2(Ω).

�

We note that the assumptions in Lemma 4.10 already imply the weak compactness of the sets (8)
and thus guarantee existence of aJ-minimising solution of (1). From the above cited embedding
properties of the space BV(Ω) it is easy to derive an improved version of the consistency result in
Theorem 3.6.

Corollary 4.11. Let g ∈ spanΦ and assume thatu† ∈ BV(Ω) is the uniqueJ-minimising solution
of (1). Moreover, let{αk}k∈N and{Nk}k∈N be as in Theorem 3.6 and define ˆuk = ûNk(αk). Then,
additionally to the assertions in Theorem 3.6 we have that

lim
k→∞

∥

∥ûk−u†
∥

∥

Lp = 0 a.s.

for every 1≤ p< 2.

Proof. From Theorem 3.6 it follows that{ûk}k∈N is bounded a.s. in L2(Ω) and that each weak cluster
point is aJ-minimising solution of (1). Since we assumed thatu† is the uniqueJ-minimising solution
of (1), it follows thatûk ⇀ u† in L2(Ω) a.s. and therefore also in Lp(Ω) for each 1≤ p< 2.

SinceΩ is assumed to be bounded, it follows that L2(Ω) is continuously embedded into L1(Ω).
Thus, it follows from Theorem 3.6 that almost surely supk∈N ‖ûk‖BV < ∞. From the compact embed-
ding BV(Ω) →֒ Lp(Ω) for 1≤ p< 2, it hence follows that{ûk}k∈N is compact in Lp(Ω). Thus, the
assertion follows, since weak and strong limits coincide. �

Unfortunately, the above embedding technique can not be used in order to improve the convergence
rate result in Theorem 3.8 to strong Lp-convergence and thus we have to settle for the general results
in Theorem 3.8. Therefore, we aim for an interpretation of convergence w.r.t. the Bregman-divergence
in (18). We summarise:

Lemma 4.12. One hasξ ∈ ∂J(u) if and only if there existsz∈ L∞(Ω,R2) with ‖z‖L∞ ≤ 1 such that
〈z,ν〉= 0 on∂Ω,

div(z) = ξ and
∫

Ω
ξ udx= |Du| (Ω).

If ξ ∈ ∂J(u), thenDξ
J (v,u) = |Dv| (Ω)− ∫Ω ξ vdx.

Proof. Assertion (ii) directly follows from the definition of the Bregman-divergence and (i). The
equivalence relation in (i) was proved e.g. in [39, Thm. 4.4.2]. �

Remark4.2. The result in Lemma 4.12 (ii) allows a geometrical interpretation of the Bregman-
divergence w.r.t. the functionalJ. As it was worked out in [16, Sec. 5.1], one can show that

Dξ
J (v,u) =

∫

Ω
(1−cos(γ(v,u,x))) d|Dv| (x)
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(a) Angle γ = γ(v,u,x) between the unit normals of the
level lines ofu (solid) andv (dashed) at a pointx∈ Ω.

(b) Indicator functionu = χD on a compact setD with
smooth boundary∂D and corresponding vector fieldzwith
compact support satisfying div(z) ∈ ∂J(u)

FIGURE 2. TV-Regularisation.

whereγ(v,u,x) denotes the angle between the unit normals of the sub-levelsets ofu andv at the point
x∈ Ω (cf. Figure 2(a)).

We recall that a functionu∈ BV(Ω) satisfies the source condition, if there existsξ ∈ ran(K∗) such
thatξ ∈ ∂J(u). It is important to note, that in many applications the elements in ran(K∗) exhibit high
regularity such as continuity or smoothness. Thus it is of particular interest, if such regular elements
in ∂J(u) exist. If u is itself a smooth function, application of Green’s Formulaand Lemma 4.12 yield
[see also 72, Lem.3.71].

Lemma 4.13. Let u ∈ C1
0(Ω) and setE[u] = {x∈ Ω : ∇u(x) 6= 0}. Assume that there existsz∈

C1
0(Ω,R2) with |z| ≤ 1 and

z(x) =− ∇u(x)
|∇u(x)| for x∈ E[u].

Then,ξ := div(z) ∈ ∂J(u).

In many applications (such as imaging) the true solutionu∈ BV(Ω) is not continuous, as e.g. ifu
is the indicator function of a smooth setD ⊂ Ω. The following examples shows that in this case we
still have∂J(u)∩C∞

0 (Ω) 6= /0. For the analytical details we refer to [72, Ex. 3.74]

Example 4.14.Assume thatD⊂ Ω is a closed and bounded set withC∞-boundary∂D and setu= χD.
The outward unit-normaln of D then can be extended to a compactly supportedC∞-vector fieldzwith
|z| ≤ 1 (cf. Figure 2(b)). Independent of the choice of the extension, we then haveξ := div(z)∈ ∂J(u)
andξ ∈C∞

c (Ω).

Example 4.15. We considerΩ = [0,1]2 andV = L2(Ω). Moreover, we assume thatP2 denotes the
set of all dyadic partitions ofΩ (cf. Example B.9) and thatΦ is the collection of indicator functions
w.r.t. elements inP2.

For a functionk : R2 → R, we consider theconvolution operatoronU defined by

(Ku)(x) =
∫

R2
k(x−y)ū(y) dx for x∈ Ω

whereū denotes the extension ofu on R
2 by zero-padding. Assume further thatu† is the indicator

function on a closed and bounded setD ⊂ Ω with C∞-boundary∂D and thatξ ∈ ∂J(u†) is as in
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Example 4.14. If the Fourier-transformF (k) =: k̂ of k is non-zero a.e. inR2 and if there exists
β ∈ (1,2] such that

(1+ |·|2)−β/2
(

ξ̂/k̂
)

∈ L2(R2) and supp
(

p† := F
−1
(

ξ̂/k̂
))

⊂ Ω,

then Assumption 3.7 is satisfied. To be more precise, we have that p† ∈ Hβ−1(Ω) [see 2, Thm. 7.63]
and if there exists a constantκ > 0 such thatαk := σ2κ

k is summable it follows from Example 4.9 and
Lemma 4.12 that

limsup
k→∞

|Dûk| (Ω)− ∫Ω ξ ûk dx

σk
√− logσk

= limsup
k→∞

∫

Ω 1−cos(γ(ûk,u†,x)) d|Dûk| (x)
σk
√− logσk

< ∞ a.s.

for the SMRE ˆuk = ûNk(αk) (whereNk is as in Example 4.9).
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APPENDIX A. SOURCE-CONDITION AND BREGMAN-DIVERGENCE: SOME EXAMPLES

The notions of source-condition and Bregman-divergence are very common in the field of inverse
problems but are rather seldom found in the statistical literature. For this reason, we will summarise
the meaning of the source-condition (7) and the Bregman-divergence for some frequently used regu-
larisation functionalsJ. We also note that in Section 4.3 the more complex example where J is the
total-variation of a measurable function on a domainΩ is studied in more detail.

Example A.1. Let J(u) = 1
2 ‖u‖2. Then,J is differentiable onU and for allu ∈ U the set∂J(u)

consists of the single element{u}. We have thatJ′(v)(w) = 〈v,w〉 and consequently

DJ(v,u) = Dξ
J (v,u) =

1
2
‖v−u‖2 for ξ = u∈ ∂J(u).

Moreover, the source condition (7) can be rewritten to

u† ∈ ran(K∗).

Since ran(K∗) = ran(K∗K)1/2, this shows that the source condition (7) corresponds to theHölder-
source condition u† ∈ ran(K∗K)β for β = 1/2 [see 37]. In [7, Sec. 5.3], the Hölder-source condition
w.r.t. a smoothing operator Kon Hilbert-scales has been discussed. To be more precise, assume
that

{

Hµ
}

µ∈R is a scale of Hilbert spaces and thatK is a-times smoothing, i.e.K : Hµ−a → Hµ is

continuous with continuous inverse. Then the conditionu† = (K∗K)β p† implies thatu† ∈ H2aβ . A
prototype for Hilbert scales are Sobolev spaces. Here the indexµ corresponds to the Sobolev index.

Example A.2. Let {ψn}n∈N be a ONB ofU and define

J(u) = ‖u‖1 := ∑
j∈N

|〈u,ψn〉| .
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In applications this functional promotessparse solutions, that is solutions that have only few non-zero
coefficients w.r.t the basis{ψn}n∈N. As it was argued in [45, Rem. 17] the source-condition (7) holds
if and only if there exist constantsa,b,γ > 0 such that

∥

∥u†
∥

∥

1 < a and

‖u‖1−
∥

∥u†
∥

∥

1 ≥−γ
∥

∥K(u−u†)
∥

∥

for all u∈U such that‖u‖1 < a and
∥

∥K(u−u†)
∥

∥ < b. If additionally for every finite setJ ⊂ N the
restriction ofK to the set{ψn : n∈ J} is injective, there exist constantsβ1,β2 > 0 such that

∥

∥u−u†
∥

∥

1 ≤ β1DK∗p†

J (u,u†)+β2
∥

∥K(u−u†)
∥

∥

for all u∈U (see the proof of [45, Thm. 15] and [40, Thm 6.4]).

Example A.3. Assume thatU = L2(Ω) for an open and bounded setΩ ⊂R
n with Lipschitz boundary

∂Ω and outer unit-normalν and let Hβ (Ω) denote the Sobolev-space of orderβ ∈ R. We define

J(u) =

{

∫

Ω |∇u|2 dx if u∈ H1(Ω)

+∞ else.

Then [see 3, pp.63], the setD(∂J) consists of all elementsu ∈ H2(Ω) that have vanishing normal
derivative〈∇u,ν〉 on∂Ω and ifu∈D(∂J), then∂J(u) = {−∆u}. With this, it follows thatJ′(v)(w) =
〈∇v,∇w〉 and

DJ(v,u) = Dξ
J (v,u) =

1
2
‖∇(v−u)‖2 for ξ =−∆u∈ ∂J(u).

Moreover,u† satisfies the source condition (7) with source elementp† ∈V if and only if

−(K∗p†)(x) = ∆u†(x) in Ω
∇u† ·ν = 0 H

n−1-a.e. on∂Ω

(hereH n−1 stands for the(n−1)-dimensional Hausdorff-measure on∂Ω).

Example A.4. LetU be as in Example A.3 and define thenegentropyby

J(u) =

{

−
∫

Ω ulogudx if u≥ 0 a.e. andulogu∈ L1(Ω)

+∞ else.

Then [see 4, Chap. 2 Prop 2.7], the setD(∂J) consists of all non-negative functions in L∞(Ω) that
are bounded away from zero. One hasJ′(v)(w) = 〈1+ logv,w〉 and if u ∈ D(∂J), then ∂J(u) =
{1+ logu}. After some re-arrangements we find

DJ(v,u) = Dξ
J (v,u) =

∫

Ω

(

vlog
(v

u

)

−v+u
)

dx,

that is, the Bregman-divergence coincides in this particular case with theKullback-Leiber-divergence.
It was proved in [11, Lem. 2.2] that

‖v−u‖2
L1 ≤

(

2
3
‖v‖L1 +

4
3
‖u‖L1

)

DJ(v,u).

In other words, Bregman-consistency (or convergence rates) w.r.t. the negentropy yields strong con-
sistency (convergence rates) in L1(Ω). Finally, we note thatu† ∈ D(∂J) satisfies the source condition
(7) with source elementp† ∈V if and only if

e(K
∗p†)(x)−1 = u†(x) for a.e.x∈ Ω.
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APPENDIX B. PROOFS

B.1. Proofs of the main results. In this section the proofs of the main results, that is existence,
consistency and convergence rates for SMRE, are collected.We start with a basic estimate for the
quantile functionqN(·) of the MR-statistic as defined in (11). We shall assume that Assumptions 2.1
and 3.4 hold.

Lemma B.1. Assume thatTN is an MR-statistic and letα ∈ (0,1) andN ∈N. Then,

qN(α)≤ med(TN(ε))+L
√

−2log(2α).

Proof. First, we introduce the functionf (x1, . . . ,xN) = sup1≤n≤N tN(xn,‖φn‖). Then, f is Lipschitz
continuous with‖ f‖Lip ≤ L. Next, define for 1≤ n ≤ N the random variablesεn := ε(φ∗

n). Then,
(ε1, . . . ,εN)∼ N (0,Σ) for a symmetric and positive matrixΣ ∈ R

N×N with ‖Σ‖2 = 1. Hence

TN(ε) = sup
1≤n≤N

tN(ε(φ∗
n ),‖φn‖) = f (ε1, . . . ,εN) = f (Σ1/2Z),

whereZ is anN-dimensional random vector with independent standard normal components. In other
words, the statisticTN(ε) can be written as the image ofZ under the Lipschitz functionf (Σ1/2·).
Applying Borel’s inequality [see 76, Lem. A.2.2] we find that2P(TN(ε)−med(TN(ε))> Lη) ≤
exp
(

−(η2/2)
)

for all η ∈ R. Now letα ∈ (0,1) and setη = qN(α)L. Then,

α ≤ P(TN(ε)> qN(α))≤ 1
2

exp

(

−1
2

(

qN(α)−med(TN(ε))
L

)2
)

.

Rearranging the above inequality yields the desired estimate. �

We proceed with the proof of the existence result in Theorem 3.5. To this end we use a standard
compactness argument from convex optimisation. For the sake of completeness, however, we will
present the proof.

Proof of Theorem 3.5.Let N ≥ N0 andy∈ V be arbitrary. Due tu Assumption 2.1 (ii),D(J) ⊂U is
dense and hence there exists for all givenδ > 0 an elementu0 ∈ D(J) such that‖Ku0− ỹ‖ ≤ δ , where
ỹ denotes the orthonormal projection ofy ontoran(K). Sinceφn ∈ ran(K) and‖φ∗

n‖= 1 for all n∈N,
this implies that|〈Ku0−y,φ∗

n〉|= |〈Ku0− ỹ,φ∗
n 〉| ≤ δ for all n∈ N.

Now letσ > 0 andα ∈ (0,1). SinceTN is an MR-statistic (cf. Definition 3.1) we find thattN(0, r)<
0 for all r ∈ (0,1]. Thus, according to according to the reasoning above, thereexistsu0 ∈ D(J) such
that for 1≤ n≤ N

(27) Lσ−1 |yn−〈Ku0,φ∗
n 〉| ≤ qN(α)− sup

1≤n≤N
λN(‖φn‖),

if the right-hand side is positive. To see this, assume thatqN(α) ≤ sup1≤n≤N λN(‖φn‖). Since for
1≤ n≤ N we have thattN(|ε(φ∗

n )| ,‖φn‖)≥ λN(‖φn‖) almost surely according to (10), it then follows
that

P(TN(ε)≥ qN(α))≥ P

(

TN(ε)≥ sup
1≤n≤N

λN(‖φn‖)
)

= 1.

This is a contradiction to the definition ofqN(α) in (11) and thusu0 ∈ D(J) as in (27) can be chosen.
Sinces 7→ tN(s, r) is Lipschitz-continuous with constantL and increasing for allr ∈ (0,1], we find



22 SHAPE CONSTRAINED REGULARISATION

tN(σ−1 |yn−〈Ku0,φ∗
n 〉| ,‖φn‖)≤ tN(0,‖φn‖)+Lσ−1 |yn−〈Ku0,φ∗

n 〉| ≤ qN(α) for 1≤ n≤ N. In other
words, there exists at least one elementu0 ∈ D(J) such that

u0 ∈ S:=

{

u∈U : sup
1≤n≤N

tN(σ−1 |yn−〈Ku,φ∗
n 〉| ,‖φn‖)≤ qN(α)

}

.

Now, choose a sequence{uk}k∈N ⊂ Ssuch thatJ(uk)→ infu∈SJ(u). This shows that supk∈N J(uk) =:
a< ∞. Moreover, we find from (10), that there exist constantsc1,c2 > 0 such that for all 1≤ n≤ N

c1σ−1 |yn−〈Kuk,φ∗
n 〉|+c2tN(|yn−〈Kuk,φ∗

n 〉| ,‖φn‖)
≤ tN(σ−1 |yn−〈Kuk,φ∗

n 〉| ,‖φn‖)≤ qN(α).

Together with (9), this showsc1σ−1 |yn−〈Kuk,φ∗
n 〉|+c2λN(‖φn‖)≤ qN(α). Rearranging the inequal-

ity above yields

sup
1≤n≤N

|〈Kuk,φ∗
n 〉| ≤ sup

1≤n≤N
|yn|+

σ
c1

(

qN(α)−c2 inf
1≤n≤N

λN(‖φn‖)
)

=: b< ∞.

Summarising, we find thatuk ∈ Λ(a+ b) for all k ∈ N, as a consequence of which we can drop a
weakly convergent sub-sequence (indexed byρ(k) say) with weak limit ˆu. Since we assumed that
tN(·, r) is convex for allr ∈ (0,1], it follows that the admissible regionS is convex and closed and
therefore weakly closed. This shows that ˆu∈ S. Moreover, the weak lower semi-continuity ofJ (cf.
Assumption 2.1 (ii)) implies

J(û)≤ lim inf
k→∞

J(uρ(k)) = inf
u∈S

J(u)

and the assertion follows with ˆuN(α) = û �

In order to prove Bregman-consistency of SMR-estimation inTheorem 3.6, we first establish a
basic estimate for the data error.

Lemma B.2. Let N ≥ N0 andα ∈ (0,1). Moreover, assume thatu† is a solution of (1) and that ˆuN(α)
is an SMRE. Then, for 1≤ n≤ N

c1σ−1
∣

∣

〈

Ku†−KûN(α),φ∗
n

〉∣

∣≤ TN(ε)−2c2λN(‖φn‖)+med(TN(ε))+L
√

−2log(2α).

Proof. From Definition 3.3 it follows thattN(σ−1
∣

∣

〈

Ku†−KûN(α)+σε ,φ∗
n

〉
∣

∣ ,‖φn‖) ≤ qN(α) for
1≤ n≤ N. The convexity oftN hence implies that

tN((2σ)−1
∣

∣

〈

Ku†−KûN(α),φ∗
n

〉
∣

∣ ,‖φn‖)

≤ 1
2

(

tN(σ−1 |〈Y−KûN(α),φ∗
n 〉| ,‖φn‖)+ tN(|ε(φ∗

n )| ,‖φn‖)
)

≤ 1
2
(qN(α)+TN(ε)).

By settingv= (2σ)−1
∣

∣

〈

Ku†−KûN(α),φ∗
n

〉∣

∣ andr = ‖φn‖ in (10), the above estimate shows that

c1(2σ)−1
∣

∣

〈

Ku†−KûN(α),φ∗
n

〉∣

∣+c2tN

(

1
2

∣

∣

〈

Ku†−KûN(α),φn
〉∣

∣ ,‖φ∗
n‖
)

≤ qN(α)+TN(ε)
2

.

SincetN(v, r)≥ λN(r) for all v∈R
+ andr ∈ (0,1] (cf. (9)) this impliesc1σ−1

∣

∣

〈

Ku†−KûN(α),φ∗
n

〉
∣

∣≤
qN(α)+TN(ε)−2c2λN(‖φn‖) for 1≤ n≤ N. Finally, the assertion follows from Lemma B.1. �

With these preparations, we are now able to prove Bregman-consistency.
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Proof of Theorem 3.6.By the definition of the SMRE ˆuk = ûNk(αk), it follows that

P
(

J(ûk)> J(u†)
)

≤ P
(

TNk(σ
−1
k (Y−Ku†))> qNk(αk)

)

= P(TNk(ε)> qNk(αk))≤ αk

for all k ∈ N. Since∑∞
k=1αk < ∞, it follows from the Borel-Cantelli Lemma [see 73, p 255] that

P
(

J(ûk)> J(u†) i.o.
)

≤ P(TNk(ε)> qNk(αk) i.o.) = 0, or in other words

(28) P
(

∃k0 ∈ N : J(ûk)≤ J(u†) for all k≥ k0
)

= 1.

In particular, it follows that supk∈N J(ûk) =: a< ∞ a.s.
Next, we note that supN∈NTN(ε)< ∞ a.s. implies that supN∈N med(TN(ε))< ∞. Hence, it follows

from Lemma B.2 and (14) that sup1≤n≤Nk

∣

∣

〈

Ku†−Kûk,φ∗
n

〉∣

∣= O(ζk) almost surely. ask→ ∞ which
proves (16). In particular, (16) and the fact hatNk > N0 imply supk∈N sup1≤n≤N0

|〈Kûk,φ∗
n 〉|=: b< ∞

a.s. Summarising, we find that ˆuk ∈ Λ(a+b) which is sequentially weakly precompact according to
Assumption 3.4 (ii). Choose a sub-sequence indexed byρ(k) with weak limit û∈U . SinceNk → ∞
ask→ ∞ it follows from (16) and (14) that

|〈g−Kû,φ∗
n 〉|= lim

k→∞

∣

∣

〈

Ku†−Kûρ(k),φ∗
n

〉∣

∣= 0 for all n∈N.

Since we assumed thatg∈ spanΦ this shows thatKû= g. Furthermore, according to (28) there exists
(almost surely) an indexk0 such thatJ(ûρ(k)) does not exceedJ(u†) for all k ≥ k0. Together with
the weak lower semi-continuity ofJ this showsJ(û) ≤ lim inf k→∞ J(ûρ(k)) ≤ limsupk→∞ J(ûρ(k)) ≤
J(u†). Sinceu† is a J-minimising solution of (1) we conclude that the same holds for û and that
J(û) = J(u†) = limk→∞ J(ûρ(k). In particular, for each sub-sequence{J(uk)}k∈N there exists a further
sub-sequence that converges toJ(u†). This already shows that limk→∞ J(ûk) = J(u†) a.s.

We next prove thatDJ(u†, ûk) → 0. To this end, recall that there almost surely exists an index k0

such that fork≥ k0 one hasTNk(ε)≤ qNk(αk). In order to exploit strong duality arguments, however,
we have to make sure that the interior of the admissible region is non-empty (Slater’s constraint
qualification). But since we assumed thats 7→ tN(s, r) is (strictly) increasing for each fixedr ∈ (0,1]
it follows thatP(tNk(|ε(φ∗

n)| ,‖φ∗
n‖) = qNk(αk)) = 0 for all n∈ N and thus

(29) P(∃k0 : TNk(ε)< qNk(αk) for all k≥ k0) = 1.

By introducing the functional

Gk(v) =

{

0 if TNk(σ
−1
k (Y−v))≤ qNk(αk)

+∞ else,

we can rewrite (12) into ˆuk ∈ argminu∈U J(u)+Gk(Ku). From (29) it follows thatu† lies in the interior
of the admissible set of the convex problem (12). In other words, the functionalsGk are continuous
at Ku† for k large enough. Therefore we can apply [36, Chap. II Prop. 4.1](cf. also Chapter II,
Remark 4.2 therein) and choose an elementξk ∈V such thatK∗ξk ∈ ∂J(ûk) and−ξk ∈ ∂Gk(Kûk). The
second inclusion and the definition of the sub-gradient showthatGk(Ku)≥Gk(ûk)−〈ξk,Ku−Kûk〉=
〈K∗ξk, ûk−u〉 for all u∈U . In particular,u† satisfiesTNk(σ

−1
k (Y−Ku†)) = TNk(ε)< qNk(αk) and thus

Gk(Ku†) = 0. This shows 0≥
〈

K∗ξk, ûk−u†
〉

. SinceJ(ûk)→ J(u†) we find

0≤ limsup
k→∞

DJ(u
†, ûk)≤ limsup

k→∞
DK∗ξk

J (u†, ûk)

= limsup
k→∞

J(u†)−J(ûk)−
〈

K∗ξ ,u†− ûk
〉

≤ limsup
k→∞

J(u†)−J(ûk) = 0.

This proves (15). �



24 SHAPE CONSTRAINED REGULARISATION

It remains to prove the convergence rate results in Theorem 3.8. To this end additional regular-
ity of the trueJ-minimising solutionsu† of (1) has to be taken into account. This is formulated in
Assumption 3.7. With this we get the following basic estimate.

Lemma B.3. Assume that Assumption 3.7 holds and letN ≥ N0 andα ∈ (0,1). Then,

∣

∣

〈

K∗p†, ûN(α)−u†〉
∣

∣≤ σ
c1

(

T̃N(ε)−2c2 inf
1≤n≤N

λN(‖φn‖)+L
√

−2log(2α)

) N

∑
n=1

|bn,N|

+ρN

∥

∥KûN(α)−Ku†
∥

∥ ,

whereT̃N(ε) = TN(ε)+med(TN(ε)).

Proof. From Assumption 3.7 we find that
∣

∣

〈

K∗p†, ûN(α)−u†〉
∣

∣=
∣

∣

〈

p†,KûN(α)−Ku†〉
∣

∣

≤
∣

∣

∣

∣

∣

〈

N

∑
n=1

bn,Nφ∗
n ,KûN(α)−Ku†

〉∣

∣

∣

∣

∣

+ρN

∥

∥KûN(α)−Ku†
∥

∥

≤
N

∑
n=1

|bn,N| sup
1≤n≤N

∣

∣

〈

φ∗
n ,KûN(α)−Ku†〉

∣

∣+ρN
∥

∥KûN(α)−Ku†
∥

∥ .

From Lemma B.2 it follows that

sup
1≤n≤N

∣

∣

〈

φ∗
n ,KûN(α)−Ku†〉

∣

∣≤ σ
c1

(

T̃N(ε)−2c2 inf
1≤n≤N

λN(‖φn‖)+L
√

−2log(2α)

)

which shows the assertion. �

Combination of the auxiliary result in Lemma B.3 with Theorem 3.6 paves the way to the proof of
Theorem 3.8.

Proof of Theorem 3.8.First, observe that Assumption 3.7 and the definition ofηk imply (14), that is,
all assumptions in Theorem 3.6 are satisfied. Therefore{ûk}k∈N is bounded almost surely and due to
the continuity ofK we find that supk∈N

∥

∥Kûk−Ku†
∥

∥ < ∞ a.s. After settingB := supN∈N ∑N
n=1 |bn,N|,

which is finite according to Assumption 3.7, it follows from Lemma B.3 and the definition ofηk that

(30)
∣

∣

〈

K∗p†, ûk−u†〉
∣

∣≤ Bσk

c1
T̃Nk(ε)+Cηk

for a suitably chosen constantC > 0. Since supN∈N TN(ε) < ∞ almost surely, it follows that also
supN∈N T̃N(ε) = supN∈N (TN(ε)+med(TN(ε)))< ∞ a.s. Combining this with (30) shows

∣

∣

〈

K∗p†, ûk−u†〉
∣

∣= O(ηk) a.s.

Next, recall from (28) in the proof of Theorem 3.6 that almostsurely an indexk0 can be chosen such
that for allk≥ k0 one hasJ(ûk)≤ J(u†). This shows that

DK∗p†

J (ûk,u
†) = J(ûk)−J(u†)−

〈

K∗p†, ûk−u†〉≤
∣

∣

〈

K∗p†, ûk−u†〉
∣

∣= O(ηk)

for k ≥ k0. This proves the first estimate in (18). The second estimate follows directly from Lemma
B.2. �
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B.2. Approximation of continous functions and entropy estimates. In this section we collect some
results on the approximation properties and entropy estimates for systems of piecewise constant func-
tions defined on a convex and compact setX ⊂ R

d (d ≥ 1). We start with the following basic

Definition B.4. Let X ⊂ R
d be compact and convex.

(i) For a functiong : X → R, themodulus of continuityis defined by

ω(δ ,g) = sup
s,t∈X

|s−t|2≤δ

|g(s)−g(t)| for δ > 0.

(ii) A function g : X → R is calledHölder-continuous with exponentβ ∈ (0,1] if ω(δ ,g) = O(δ β ).
The collection of all functions onX that are Hölder-continuous with exponentβ is denoted by
Hβ (X).

The following lemma provides an error estimate for the approximation of a continuousg : X ⊂
R

d → R by piecewise constant functions in terms of the modulus of continuity.

Lemma B.5. Let X ⊂R
d be a compact and convex set and{A1,A2, . . .} be a collection of measurable

sub-sets ofX. Assume that there exists an increasing sequence{nl}l∈N ⊂ N with n0 = 0 such that

(i) for all nl +1≤ i < j ≤ nl+1 one hasλd(Ai ∩A j) = 0,
(ii) and X = Anl+1∪ . . .∪Anl+1

for all l ∈ N (λd denotes thed-dimensional Lebesgue measure). Then, for all continuousg : X → R

there exist coefficientsbm
j,l such that

sup
m∈N

m

∑
l=0

nl+1

∑
j=nl+1

∣

∣bm
j,l

∣

∣≤ ‖g‖∞ and

∥

∥

∥

∥

∥

g−
m

∑
l=0

nl+1

∑
j=nl+1

bm
j,l χA j

∥

∥

∥

∥

∥

2

≤ m+1

∑m
l=0 ω−2(δl ,g)

,

whereδl := maxnl< j≤nl+1 diam(A j).

Proof. Let g : X → R be continuous. Forl ∈ N we define

gl =
nl+1

∑
j=nl+1

λd(A j)
−1
∫

A j

g(τ) dτ ·χI j .

Next, we introducealm = (ω−2(δl ,g))/(∑m
ν=0ω−2(δν ,g)) for m∈ N and 1≤ l ≤ m. Note, thatalm ∈

(0,1) and ∑0≤l≤malm = 1. With this, we define for 0≤ l ≤ m and nl < j ≤ nl+1 the coefficients
bm

j,l = (alm
∫

A j
g(τ) dλd(τ))/λd(A j). Since we assumed thatg is continuous on the compact setX, it

follows that
∣

∣

∣
bm

j,l

∣

∣

∣
≤ ‖g‖∞ alm and hence∑m

l=0 ∑nl+1
j=nl+1

∣

∣

∣
bm

j,l

∣

∣

∣
≤ ‖g‖∞ for all m∈N. Moreover, we have

for all s∈ X that

∣

∣

∣

∣

∣

m

∑
l=0

almgl (s)−g(s)

∣

∣

∣

∣

∣

≤
m

∑
l=0

alm

(

nl+1

∑
j=nl+1

1
λd(I j)

∫

A j

|g(τ)−g(s)| dτ ·χA j (s)

)

.
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After applying Jensen’s inequality and keeping in mind that|s− t| ≤ δl for s, t ∈ A j andnl < j ≤ nl+1

it follows that

∫

X

∣

∣

∣

∣

∣

m

∑
l=0

almgl (s)−g(s)

∣

∣

∣

∣

∣

2

ds≤
m

∑
l=0

alm

∫

X

(

nl+1

∑
j=nl+1

1
λd(A j)

∫

A j

|g(τ)−g(s)|2 dτ ·χA j (s)

)

ds

=
m

∑
l=0

alm

nl+1

∑
j=nl+1

∫

A j

1
λd(A j)

∫

A j

|g(τ)−g(s)|2 dτ ds

≤
m

∑
l=0

almω2(δl ,g)
nl+1

∑
j=nl+1

λd(A j).

Assumptions (i) and (ii) together with the definition of the coefficientsalm eventually yield

∫

X

∣

∣

∣

∣

∣

m

∑
l=0

almgl (s)−g(s)

∣

∣

∣

∣

∣

2

ds≤ m+1

∑m
ν=0ω−2(δν ,g)

.

�

For the remainder of this section we collect some results concerning the capacity number of (sub-
systems of) the setΦd of indicator functions on convex and closed sets in[0,1]d with d ≥ 1. We first
recall the basic definition

Definition B.6. Let (T,d) be a semi-metric space,T ′ ⊂ T andε > 0. Thecapacity numberis defined
by

D(ε ,T ′) := sup
T ′′⊂T ′

({

#T ′′ : d(a,b) ≥ ε for all a 6= b∈ T ′}) .

From a practical point of view, it is often more convenient toexpress (25) in terms of theε-covering
number N(ε ,T′) of T ′ which is defined as the smallest number ofε-balls inT needed to coverT ′ (the
center points need not to be elements ofT ′, though). It is common knowledge [see 76, p.98] that for
all ε > 0

(31) N(ε ,T)≤ D(ε ,T)≤ N(ε/2,T).

We considerΦd ⊂ L2([0,1]d) as a metric space with the induced L2-metric, i.e. forχP,χQ ∈ Φd we
have

d(χQ,χP)
2 = ‖χP− χQ‖2 =

∫

[0,1]d
(χQ− χP)

2 dλd = λd(Q△P).

The entire setΦd is too large in order to render the test-statisticTN in (24) finite: it was shown in
[13] [see also 33, Chap. 8.4]) that theε-covering number ofΦd of all nonempty, closed and convex
sets contained in the unit ball

{

x∈ R
d : |x| ≤ 1

}

is of the same order as exp(ε (1−d)/2) (for d ≥ 2)
asε → 0+. This proves that there cannot exist any constantsA, B andγ such that (25) holds with
Φ = Φd.

For particular classes of convex sets, however, entropy estimates as in (25) are at hand. The collec-
tion Φr of indicator functions ond-dimensional rectangles in[0,1]d constitutes such an example:

Proposition B.7. There exists a constant A= A(d)> 0 such that

D(uδ ,{φ ∈ Φr : ‖φ‖ ≤ δ})≤ A(uδ )−4d

for all u,δ ∈ (0,1].



SHAPE CONSTRAINED REGULARISATION 27

Proof. From [76, Thm. 2.6.7] it follows that theε-covering number ofΦr can be estimated by
Aε−2(V−1) whereV denotes the VC-index of the set of subgraphs{(x, t) : t < φ(x)} for φ ∈ Φr .
This in turn is equal to the VC-index of the collections of allrectangles in[0,1]d which is 2d+1 [see
76, Ex. 2.6.1]. �

For certain subsets ofΦr better estimates can be derived. We close this section with results for the
systemΦs andΦ2 of indicator functions on all squares and dyadic partitionsin [0,1]d respectively.
We skip the proofs, for they are elementary but rather tedious.

Proposition B.8. There exists a constant A= A(d)> 0 such that

D(uδ ,{φ ∈ Φs : ‖φ‖ ≤ δ})≤ Au−2(d+1)δ−d, for all u,δ ∈ (0,1].

Proposition B.9. Let d≥ 2 and consider the system of alldyadic partitionsin [0,1]d, that is

P2 :=
{

Q⊂ [0,1]d : Q= 2−k(i +[0,1]d), k∈N, i = (i1, . . . , id) ∈ N
d
}

.

LetΦ2 the set of all indicator functions on elements inP2. Then, there exists a constant A=A(d)> 0
such that

A−1u−2δ−2 ≤ D(uδ ,{φ ∈ Φ2 : ‖φ‖ ≤ δ})≤ Au−2δ−2, for all u,δ ∈ (0,1].
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[13] E. M. Bronštĕın. ε-entropy of convex sets and functions.Sibirsk. Mat. Ž., 17(3):508–514, 715,
1976.

[14] L. D. Brown, T. Cai, and H. H. Zhou. Nonparametric regression in exponential families.Ann.
Stat., 38(4):2005–2046, 2010.

[15] L. D. Brown and M. G. Low. Asymptotic equivalence of nonparametric regression and white
noise.Ann. Stat., 24(6):2384–2398, 1996.

[16] M. Burger, K. Frick, S. Osher, and O. Scherzer. Inverse total variation flow.Multiscale Model.
Simul., 6(2):365–395 (electronic), 2007.

[17] M. Burger and S. Osher. Convergence rates of convex variational regularization.Inverse Prob-
lems, 20(5):1411–1421, 2004.

[18] E. J. Candès and D. L. Donoho. New tight frames of curvelets and optimal representations of
objects with piecewise c2 singularities.Communications on Pure and Applied Mathematics,
57(2):219–266, 2004.

[19] L. Cavalier, G. K. Golubev, D. Picard, and A. B. Tsybakov. Oracle inequalities for inverse
problems.Ann. Statist., 30(3):843–874, 2002. Dedicated to the memory of Lucien Le Cam.

[20] L. Cavalier and A. Tsybakov. Sharp adaptation for inverse problems with random noise.Probab.
Theory Related Fields, 123(3):323–354, 2002.

[21] J. Cavanagh, W. J. Fairbrother, A. G. Palmer, N. J. Skelton, and M. Rance.Protein NMR Spec-
troscopy, Second Edition: Principles and Practice. Academic Press, 2 edition, 2006.

[22] J. Ching, A. C. To, and S. D. Glaser. Microseismic sourcedeconvolution: Wiener filter versus
minimax, fourier versus wavelets, and linear versus nonlinear. The Journal of the Acoustical
Society of America, 115(6):3048–3058, 2004.

[23] P.-L. Chow, I. A. Ibragimov, and R. Z. Khasminskii. Statistical approach to some ill-posed
problems for linear partial differential equations.Probab. Theory Related Fields, 113(3):421–
441, 1999.

[24] A. Cohen, I. Daubechies, and P. Vial. Wavelets on the interval and fast wavelet transforms.Appl.
Comput. Harmon. Anal., 1(1):54–81, 1993.

[25] A. Cohen, M. Hoffmann, and M. Reiß. Adaptive wavelet Galerkin methods for linear inverse
problems.SIAM J. Numer. Anal., 42(4):1479–1501 (electronic), 2004.

[26] M. Collins, R. E. Schapire, and Y. Singer. Logistic regression, adaboost and bregman distances.
Mach. Learn, 48(48):253–285, 2002.

[27] I. Csiszár. Why least squares and maximum entropy? An axiomatic approach to inference for
linear inverse problems.Ann. Statist., 19(4):2032–2066, 1991.

[28] I. Daubechies. Ten Lectures on Wavelets. Society for Industrial and Applied Mathematics,
Philadelphia, PA, USA, 1992.

[29] P. L. Davies and A. Kovac. Local extremes, runs, stringsand multiresolution. Ann. Statist.,
29(1):1–65, 2001. With discussion and rejoinder by the authors.

[30] P. L. Davies, A. Kovac, and M. Meise. Nonparametric regression, confidence regions and regu-
larization. Ann. Statist., 37(5B):2597–2625, 2009.

[31] D. L. Donoho. Nonlinear wavelet methods for recovery ofsignals, densities, and spectra from
indirect and noisy data. InDifferent Perspectives on Wavelets, volume 47 ofProc. Sympos. Appl.
Math., pages 173–205, Providence, RI, 1993. Amer. Math. Soc.

[32] D. L. Donoho. Nonlinear solution of linear inverse problems by wavelet-vaguelette decomposi-
tion. Appl. Comput. Harmon. Anal., 2(2):101–126, 1995.

[33] R. M. Dudley. Uniform Central Limit Theorems, volume 63 ofCambridge Studies in Advanced
Mathematics. Cambridge University Press, Cambridge, 1999.



SHAPE CONSTRAINED REGULARISATION 29

[34] L. Dümbgen and V. G. Spokoiny. Multiscale testing of qualitative hypotheses.Ann. Statist.,
29(1):124–152, 2001.

[35] L. Dümbgen and G. Walther. Multiscale inference about adensity. Ann. Statist., 36(4):1758–
1785, 2008.

[36] I. Ekeland and R. Temam.Convex Analysis and Variational Problems, volume 1 ofStudies in
Mathematics and its Applications. North-Holland Publishing Co., Amsterdam-Oxford, 1976.

[37] H. Engl, M. Hanke, and A. Neubauer.Regularization of Inverse Problems. Mathematics and its
Applications. Kluwer Academic Publishers Group, Dordrecht, 1996.

[38] L. C. Evans and R. F. Gariepy.Measure Theory and Fine Properties of Functions. Studies in
Advanced Mathematics. CRC Press, Boca Raton, FL, 1992.

[39] K. Frick. The Augmented Lagrangian Method and Related Evolution Equations. Phd-thesis,
University of Innsbruck, 2008.

[40] K. Frick, D. A. Lorenz, and E. Resmerita. Morozov’s principle for the augmented lagrangian
method applied to linear inverse problems, 2010. arXiv:1010.5181v1.

[41] K. Frick, P. Marnitz, and A. Munk. Statistical multiresolution estimation in imaging: Funda-
mental concepts and algorithmic framework, 2011. arXiv:1101.4373v1.

[42] K. Frick and O. Scherzer. Regularization of ill-posed linear equations by the non-stationary
Augmented Lagrangian Method.J. Integral Equations Appl., 22(2):217–257, 2010.

[43] A. Goldenshluger and S. V. Pereverzev. On adaptive inverse estimation of linear functionals in
Hilbert scales.Bernoulli, 9(5):783–807, 2003.

[44] I. Grama and M. Nussbaum. Asymptotic equivalence for nonparametric generalized linear mod-
els. Probability Theory and Related Fields, 111:167–214, 1998.

[45] M. Grasmair, M. Haltmeier, and O. Scherzer. Sparse regularization withlq penalty term.Inverse
Problems, 24(5):055020, 2008.

[46] R. J. Hanisch and R. L. White, editors.The restoration of HST images and spectra - II, 1994.
[47] S. W. Hell. Far-Field Optical Nanoscopy.Science, 316(5828):1153–1158, 2007.
[48] S. W. Hell. Microscopy and its focal switch.Nature Methods, 6(1):24–32, 2008.
[49] W. Hinterberger, M. Hintermüller, K. Kunisch, M. von Oehsen, and O. Scherzer. Tube methods

for BV regularization.J. Math. Imaging Vision, 19(3):219–235, 2003.
[50] M. Hoffmann and M. Reiss. Nonlinear estimation for linear inverse problems with error in the

operator.Ann. Stat., 36(1):310–336, 2008.
[51] I. M. Johnstone. Wavelet shrinkage for correlated dataand inverse problems: adaptivity results.

Statist. Sinica, 9(1):51–83, 1999.
[52] I. M. Johnstone, G. Kerkyacharian, D. Picard, and M. Raimondo. Wavelet deconvolution in a

periodic setting.J. R. Stat. Soc. Ser. B Stat. Methodol., 66(3):1467–9868, 2004.
[53] I. M. Johnstone and B. W. Silverman. Discretization effects in statistical inverse problems.

Journal of Complexity, 7(1):1–34, 1991.
[54] G. Kerkyacharian, G. Kyriazis, E. L. Pennec, P. Petrushev, and D. Picard. Inversion of noisy

radon transform by svd based needlets.Applied and Computational Harmonic Analysis, 28(1):24
– 45, 2010.

[55] S. A. Kim, K. G. Heinze, and P. Schwille. Fluorescence correlation spectroscopy in living cells.
Nature Methods, 4(11):963–973, Oct. 2007.

[56] J. Lafferty, S. Pietra, and V. Pietra. Statistical learning algorithms based on bregman distances. In
Proceedings of the Canadian Workshop on Information Theory, pages 77–80, Toronto, Canada,
June 1997.

[57] R. Liu, W. Strawderman, and C.-H. Zhang.Complex Datasets and Inverse Problems: Tomog-
raphy, Networks and Beyond. Institute of Mathematical Statistics Lecture Notes—Monograph



30 SHAPE CONSTRAINED REGULARISATION

Series, 54. Institute of Mathematical Statistics, Hayward, CA, 2007.
[58] J.-M. Loubes and C. Ludeña. Adaptive complexity regularization for linear inverse problems.

Electronic Journal of Statistics, 2:661–677, 2008.
[59] B. A. Mair and F. H. Ruymgaart. Statistical inverse estimation in Hilbert scales.SIAM J. Appl.

Math., 56(5):1424–1444, 1996.
[60] E. Mammen and S. van de Geer. Locally adaptive regression splines.Ann. Statist., 25(1):387–

413, 1997.
[61] P. Mathé and S. V. Pereverzev. Optimal discretization of inverse problems in Hilbert scales.

Regularization and self-regularization of projection methods.SIAM J. Numer. Anal., 38(6):1999–
2021, 2001.

[62] P. Mathé and S. V. Pereverzev. Discretization strategyfor linear ill-posed problems in variable
Hilbert scales.Inverse Problems, 19(6):1263–1277, 2003.

[63] P. Mathé and S. V. Pereverzev. Geometry of linear ill-posed problems in variable Hilbert scales.
Inverse Problems, 19(3):789–803, 2003.

[64] J. R. McLaughlin. Absolute convergence of series of Fourier coefficients.Trans. Amer. Math.
Soc., 184:291–316, 1973.

[65] A. Meister. Asymptotic equivalence of functional linear regression and a white noise inverse
problem, 2011. to appear.

[66] M. Nussbaum and S. Pereverzev. The degree of ill-posedness in stochastic and deterministic
noise models. Technical Report 509, WIAS, 1999. Preprint.

[67] F. O’Sullivan. A statistical perspective on ill-posedinverse problems.Statist. Sci., 1(4):502–527,
1986. With comments and a rejoinder by the author.

[68] J. B. Pawley.Handbook of Biological Confocal Microscopy. Springer, 2006.
[69] M. Popovic and A. Taflove. Two-Dimensional FDTD Inverse-Scattering Scheme for Determi-

nation of Near-Surface Material Properties at Microwave Frequencies.IEEE Transactions on
Antennas and Propagation, 52:2366–2373, Sept. 2004.

[70] M. Reiß. Asymptotic equivalence for nonparametric regression with multivariate and random
design.ArXiv Mathematics e-prints, July 2006.

[71] E. Resmerita. On total convexity, Bregman projectionsand stability in Banach spaces.J. Convex
Anal., 11(1):1–16, 2004.

[72] O. Scherzer, M. Grasmair, H. Grossauer, M. Haltmeier, and F. Lenzen.Variational Methods in
Imaging, volume 167 ofApplied Mathematical Sciences. Springer, New York, 2009.

[73] A. N. Shiryaev. Probability, volume 95 ofGraduate Texts in Mathematics. Springer-Verlag,
New York, second edition, 1996. Translated from the first (1980) Russian edition by R. P. Boas.

[74] G. Siuzdak.Mass Spectrometry for Biotechnology. Academic Press, 1996.
[75] A. B. Tsybakov. Introduction to Nonparametric Estimation. Springer Publishing Company,

Incorporated, 2008.
[76] A. W. van der Vaart and J. A. Wellner.Weak Convergence and Empirical Processes. Springer

Series in Statistics. Springer-Verlag, New York, 1996. With applications to statistics.
[77] Y. Vardi. Network Tomography: Estimating Source-Destination Traffic Intensities from Link

Data.Journal of the American Statistical Association, 91(433):365–377, March 1996.
[78] G. Wahba. Practical approximate solutions to linear operator equations when the data are noisy.

SIAM J. Numer. Anal., 14(4):651–667, 1977.
[79] W. Walz, editor. Patch-Clamp Analysis: Advanced Techniques, volume 38 ofNeuromethods.

Humana Press, New Jersey, 2007.
[80] T. Zhang and B. Yu. Boosting with early stopping: convergence and consistency.The Annals of

Statistics, 33(4):1538–1579, 2005.



SHAPE CONSTRAINED REGULARISATION 31

[81] W. P. Ziemer.Weakly Differentiable Functions. Springer Verlag, New York, 1989.
[82] A. Zygmund. Trigonometric Series. Vol. I, II. Cambridge University Press, Cambridge, 1977.

Reprinting of the 1968 version of the second edition with Volumes I and II bound together.


