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2 SHAPE CONSTRAINED REGULARISATION

1. INTRODUCTION
In this paper, we are concerned with the solution of the eguat
) Ku=g,

whereK : U — V is a linear and bounded operator mapping between two Hifipated) andV.
Equations of type[{1) are calledell-posedf for given g € V there exists a unique solutianc U that
depends continuously on the right-hand gidéf one of these conditions is not satisfied, the problem
is calledill-posed In the case of ill-posedness, arbitrary small deviatiorthé right hand sidg may
lead to useless solutions(if solutions exist). These deviations are commonly maakHs random:
They are due to indispensable numerical errors as well dsetocaindom nature of the measurement
process itself.(Statistical) regularisation methodsm at computing stable approximations of true
solutionsu from a (statistically) perturbed signgl

In this paper we assume that U is a solution of[(1L) and that we are given the observation

2) Y =Ku+ oe.

Here,o > 0 denotes the noise-level aadV — L?(Q,2,P) a Gaussian white noise process, £és
linear and continuous and for allw € V one has

e(v)~ #(0.M) and  Cov(e(v),e(w)) = (uw).

Model (2) is denoted as a white noise model and it is very commaehe theory of statistical inverse
problems [see e.q. 53,166, 23, 20, 7, 25]. In model (2) it ibnamally easier to analyze estimation
methods foiu compared to the sampling model

3 Y = (Ku)(%) + o8,

for i.i.d. errorsg; and sampling points;,i = 1...,n. From an asymptotic point of view both models
are equivalent in Le Cam’s sense. See [15, 70] for the regresase (i.e. wheK equals the embed-
ding operator) and [65] for a specific inverse problemsmsgttHereo = 1/,/n, and the asymptotics
n — oo in the sampling model{3) correspondsao- 0 in the white noise model (2).

Moreover, we consider the Poisson analogué¢lto (3), i.e. wergbY; ~ PoigKu(x)),i =1,...,n.
Then it is well known (see_[44]) that this again is asympttic equivalent to a white noise model
with expectation 2/Ku (for one dimensional observatiol. This is also highlighted by the fact that
a Poisson variablg can be approximated well by a normal one provided the intgishot to small,
e.g. by Anscombe’s transformatiapY + 3/8 or variants of it ([14]). Another option is to exploit the
standardizatiofY —A)/v/A as we will explain in Examplg1l.2.

Hence, model (2) can be regarded as reasonable approxinmel&vant for many areas of applica-
tions. The simplest case is classical nonparametric reigreand its amplitude of applications. Here
K is an embedding operatét: U — L2 modeling the smoothness of the functioricf. [7]). More
complicated instances &f are given by various optical systems, wh&rés given by a convolution
kernelk(x —y) (in engineering and physical terminology denoted as a @preéad function). This
includes the correction of the optical abberation of the Ilelspace Telescope ([46]) which has been
one of the most spectacular success stories of statisgcalngtolution in astronomy. In general the
specific form of the PSF depends on the specification of thiealfgystem, e.g. the lenses and posi-
tion and shape of the mirrors. Other examples includesfertametry ([5]) or the estimation of the
luminosity of the Milky Way based on satellite data ([8]),ne@ntion a few. Methodologically related
to this is the rapidly growing area of far field fluorescencenmscopy (see Example_1.2) where the
PSF typically is created by a diffraction limited excitatispot (generated by a laser beam) focusing a
plane wave. Recently, there has been achieved a revoluatibisiarea by breaking the classical Abbe
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diffraction limit by rather sophisticated techniques,. dag stimulated emission depletion microscopy
(see 47, 48] for a survey) which leads to a different PSF tbaconfocal microscopy which is well
known to be close to the normal convolution (cf. Exaniplé .1.2)

More general, most analysis methods of modern biophysteainistry rely heavily on estimation
methods in models of type (2). This includes Nuclear MagnBi&sonance (NMR) spectroscopy,
which is one of the most sensitive techniques for structeterchination of molecules (see [21]) or
mass spectrometry such as matrix assisted laser desaigtiaation or electrospray ionisation ([74]).
Recently, single molecule measurement techniques haveda»eloped with great success, which all
require data processing by proper deconvolution techsigii®e mention patch clamp for ion channel
recordings ([79]), fluorescence correlation spectros¢fiis]) for the analysis of biomolecular motors
or the use of optical tweezers for force investigations texeby single molecules.([10]). Finally, we
stress that beyond convolution general Fredholm oper&tamscur in various other applications, e.g.
in seismic engineering (see e.g.|[22]), in material scier{{9]), Magnetic resonance imaging! ([9]),
signal processing, tomography and network analysis ([3]), 7

According to the amplitude of applications, literature déatistical regularisation methods is vast
and similar methods have often been invented independentigrious communities. We only give
a few, selective references: Penalised least-squaresadistin (that includes Tikohonov-Philipps and
maximum entropy regularisation) [6,/67 ) 78], wavelet basedhods|[31, 32, 51, 54,52], estimation
in Hilbert-scales|[7, 43, 59, 61,162,/63] and regularisatigrprojection [19, 20, 25, 61, 50] to name
but a few.

In this work, we study a variational estimation scheme tledines estimators &s solutions of

(4) infJ(u) subjectto T (oY —Ku)) < qg(a).

Here, the functio induces some notion dlistanceon the image spadé that measures the deviation
of the dataY and the estimated imadéu andJ is someregularisation functionathat is supposed
to measures the regularity of candidate estimatoesU. The parameteq(a) is chosen to be the
(1— a)-quantile of the statisti@ (¢) and governs the trade-off between data-fit and regularienad
theadmissible region

(5) (a)={ueU : T(o Y -Ku) <qg(a)}

constitutes g1 — a)-confidence region for a solutiamof (4). This gives the estimation procedure
(@) a precise statistical interpretation: Since for eadotsm u' of (1) one hauu' € o7 (a) with
probability at least + a it follows from (4) that

P (3(0) <Juh) >1-a.

Summarizing, regularisation methods of type (4) pick amalhgstimatorsu Tor which the distance
betweerK ( and the dat¥ does not exceed the threshold vatifer) one with largest regularity. The
probability that this particular estimator is more regufaan any solution of_{1) is bounded from
below by 1— a. This is in contrast to many other regularisation techréquénere regularisation
parameters merely govern the trade-off between fit-to-datasmoothness and do not allow such an
interpretation.

Whereas most of the literature is concerned with the propeice of the regularisation functional
J, in this work we will discuss the issue of the data fidelityneF. We claim that from a statistical
perspective the choice df is of equal importance as the choice bf Whereas] comprises prior
smoothness or regularity assumptionsupm measures the statistically significant deviations between
data and these regularity assumptions.
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In this paper we will introduce a particular family of distanfunctionsT, the so callednultireso-
lution statistics (MR-statisticsyithin the framework of statistical inverse problems. Imithsimplest
form (see also Definition_3.1), MR-statistics coincide watktreme-value statistics of projections of
the residualy — Ku onto a set of linear sub-spacés@, : A € R} for given elementg, € V (with
llgn|| = 1 andn € N), that is we defind = Ty where

Tn(V) = sup [(v,@)|, VeV.
1<n<N
Under the hypothesis thatis the true solution of{1), we have ti&§(o—1(Y — Ku)) does not exceed
the thresholdy(a) with probability of at least +- a. If, however,u is wrongly specified the residual
Y — Ku contains a non-random signal and for some g < N

(6) E({Y —Ku, @) #0.

As an effect the statisti@y(o~%(Y — Ku)) becomes relatively large andhappens to lie outside
the admissible domain of the optimisation problém (4). Whesa Ty is an MR-statistic, we call a
solutionu of (4)) statistical multiresolution estimator (SMREge also Definition_313).

The choice of the dictionarye, @, ...} is subtle, since it should not miss any non-random infor-
mation in the residual, if present. In principl& would be most sensible against a large variety of
signalsu, if we employ a large numbeX such that the image spa¥eis approximated sufficiently
well by spanf@,...,en}. This approach, however, turrlg (4) into an optimisatiorbfem with a
huge number of constraints which is hard to tackle numdyiaaid is treated separately [see 41].
Besides these numerical difficulties, there is also a italdimitation which will be a major issue
to be discussed in this paper: If the entropy of the system}, . becomes too large (&¢ — ),
the asymptotic distribution ofy will degenerate and would hence be useless for our purpdses.
practical situations, a priori knowledge on the true solutof (1) can be used in order to design
dictionaries whose entropy guarantees a non-degenemgiteofi Ty and in addition allows to derive
rates of convergence of the SMRE to the true signal. A sinsitemment applies to the choice of the
regularisation functional which models a priori information on the regularity of thedrsolution.

Example 1.1.In the context of signhal and image procesdihgndV usually represent suitable spaces
of functions on some domaifd c RY (such as Sobolev spaces). A dictionary to be investigated in
this paper in more detail is the cla§gr, @, ...} of normalised indicator functions w.r.t. a system of
subsetS;,S,...} of Q, i.e.

e 1 {1 ifxe S

:)\d(sq) 0 else.

Here, the set§, are supposed to encode a priori information on the shapeediitknown signal
andAq denotes thel-dimensional Lebesgue-measure@nThe MR-statisticTy thus reads
1
Tn(V) = sup ———

1<n<N Ad(Sh) AV(X) o

Hence choosing = Ty in (@) can be considered ahape constrainand the resulting estimation
method is capable of adapting the amount of regularizatiomlocally adaptivemanner. This is in
contrast to the widely used squared norm fidelit) = ||v|| that does not allow for adaptation to
local structures. We will give a detailed account of thistigatar instance of MR-statistics in Section
[4.2.

The regularisation schemgl (4) with MR-statisTi¢ was studied in/[30] for the specific case of
non-parametric regression in one space dimension andttilesgoiation semi-norm as regularisation

, veV.
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(c) Convolved SMREKG. ' (d) Standardized residual¥ — Kd)/vKG.

FIGURE 1. SMRE for image deblurring in confocal fluorescence micopy (cf.
Exampld_1.R)

functional J. In the following example we illustrate that the generalnfatation in (3) reveals the
SMRE as a powerful regularisation method far beyond thigsaibn: It can be extended to space
dimensions larger than one as well as to inverse problenfisgeiteraK as in [2) including deconvo-
lution problems. We emphasise that the MR-constrai{o—1(Y — Ku)) < g(a) has the appealing

property that it adapts to local features of the signal (ie)as it is required in many imaging prob-
lems.

Example 1.2. Figure[I(d) depicts a confocal microscopy recording ofHebulin distribution in a
PtK2 cell taken from a kidney gfotorous tridactyILE The image shows an area of 488 um? at a
resolution of 798« 798 pixel. Before the recording, the protgirtubulin is tagged with a fluorescent

1By kind permission of the department of NanoBiophotonicshatMax Planck Institute for Biophysical Chemistry,
Gottingen.
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tracer. After point illumination by a laser beam the probedanned and the resulting photons are
registered (for more details on confocal microscopy sep [68

For each pixeli, j) the observatioiY;; in Figure[1(a) can be modelled as a Poisson random variable
with (unknown) intensity(Ku);; where the operatdk denotes the convolution with a point spread
function (psf) of the optical system. It is custom to mode tisf as a symmetric Gaussian kernel,
in the present case with a full width at half maximum of 230rimthe interior of the PtK2 cell the
photon count-rates are sufficiently large $0) such that it is justified to assume that— Ku);; /
v/ (Ku)ij ~ 47(0,1). In the outer region only background noise is detected tbas dhot carry any
information (photon count-rates up to 10 the most). Figbg ¢hows the solution 6f

inf J(u) subjectto Ty <(Y — Ku)/x/@) <q(a)

with Ty being an MR-statistic w.r.t. the dictionary in Example] 1.here the set§, are chosen to
consist of all discrete squares of sidelength. 125 pixel. Moreover,J is chosen to be the total
variation semi-norm (cf. Sectidn 4.3) andis set to 01 such that a confidence level aBQesults.

As it becomes apparent from Figdire 1(b), the reconstrueidnibits an appealing locally adaptive
behaviour due to the shape constraintfin (4): The gaps battheg3-tubulin flaments, that actually
make up the multiscale nature of the image, are reconstrazjeally well independent of their size.
Figure[I(c) depicts the convolved estimaltai and Figur¢ I(d) shows the standardized residdat
KO)/\/@. Visually, the residual in the interior of the PtK2 cell regaes white noise as desired.
This example indicates that SMRE is a promising approaclot@lly adaptive image reconstruction.
Theoretical evidence for this will be given in Sectlonl4.8l @articularly in Examplé4.15. For more
examples, details on implementation and algorithms we teff1].

In this paper we present very general consistency and agewee rates results for SMRE in the
context of statistical inverse problems and discuss thgiaict on particular applications. To our best
knowledge, results of this type have never been obtaineatdelt is necessary to assume additional
regularity of the true solution of{1) in order to come up witinvergence rates results. In the context
of inverse problems, this is usually done by formulatingcafledsource conditionsThese determine
smoothness classes of solutions fdr (1) that guaranteéboiskds and fast convergence of the esti-
mator to the true signal. In this work we study the standatd®conditions used in the framework
of Bregman-divergences that yield for each penalty fumetid in (4) onespecific smoothness class.
As shown in Sectiofil4 this can be considered as a generalizafithe Sobolev-class of functions
with exponent 12. The formulation of conditions that give optimal converge rates in acaleof
smoothness classes for a generalfbugd Jto our knowledge is still open and will not be treated in
this work.

This paper is organised as follows. After reviewing somédxdefinitions from convex analysis and
the theory of inverse problems in Sectidn 2 we develop a @éseheme for estimation of solutions of
(@) in Sectior B. We use the regularisation scheme (4) wheremploy MR-statistic3y as distance
measure§ (Sectio 3.11). In Section_3.2 we then prove consistency andergence rate results in
terms of the Bregman-divergence w.r.t. the regularisatioctional J. In Section # we study the
performance of the so constructed estimators for typicairgles, as the Gaussian sequence model
(Section4.11) and linear inverse regression problems i@d4t2). In Section 413 we investigate the
particular situation when the regularisation functioh@ chosen to be the total-variation semi-norm,
which has a particular appeal for imaging problems. Finallyne examples that illustrate the notions
of source-condition and Bregman-divergence are given ipeipix[A and the proofs of the main
results as well as some auxiliary lemmata are collected peAdix(B.
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2. Basic DEFINITIONS

In this section we summarise some relevant definitions aadnagtions needed throughout the
paper. . We start with stating minimal assumptions on thetfanal analytic setting

Assumption 2.1. (i) U and V denote separable Hilbert spaces. The norms on U\arade not
further specified, and will be always denoted|bY, since the meaning is clear from the context.

(i) LetJ:U — R be a convex functional from U into the extended real numBetsR U {0}. The
domain of J is defined by

D) ={ueU :J(u) # o}.

J is calledproperif D(J) # 0 and Ju) > —oo for all u € U. Throughout this paper J denotes a
convex, proper and lower semi-continuous (I.s.c.) fumetiovith dense domain (3).

(i) K :U — V is alinear and bounded operator. Bgn(K) = K(U) we denote the range of K.

In the course of this paper we will frequently make use ofsdmm convex analysis. For a standard
reference see [36].

e The sub-differential (or generalised derivatié)(u) of J atu is the set of all elementg € U

satisfying
J(v)=J(u)—(p,v—u) >0 forallveU.

Thedomain O dJ) of the sub-gradient consists of alk U for which dJ(u) # 0.

¢ We will prove consistency of estimators with respect toBhegman-divergence~oru € D(J)
the Bregman-divergence dfbetweeru andv is defined by

Dy(v,u) = I(v) = I(u) = I (V)(v—u)
whereJ’(v)(v—u) denotes the directional derivativebétv in directionv—u. The directional
derivative is defined as

, e J(v+hw) —J(v)
T = lig T
and is well defined for convex functions (possibly with valir|—co, co]).
e Foru e D(dJ) the Bregman-divergence dfbetweeru andv w.r.t. £ € dJ(u) is defined as

DS (v,u) = J(v) —J(u) — (£, v—u).
The following basic estimates hold
0<Dj(vu) < Di(v,u), forall & € 03(u).

Remark2.1 Clearly, the Bregman-divergence does not define a (quastiFjmonU : It is non-negative
but in general it is neither symmetric nor satisfies the giafmnequality. The big advantage, however,
of formalising asymptotic results w.r.t. to the Bregmawnedfjence (such as consistency or conver-
gence rates) for estimators defined by a variational schémyp®(4), is the fact, that the regularising
properties of the used penalty functiodahre incorporated automatically. If, for example, the func-
tional J is slightly more than strictly convex, it was shownlin/[714tltonvergence w.r.t. the Bregman-
divergence already implies convergence in norm. If, howel/&ails to be strictly convex (e.g. if it
is of linear growth) it is in general hard to establish noramgergence results but convergence results
w.r.t. the Bregman-divergence, though weaker, may stiitdeand. In Examplds A[1-A.4 as well as
in Sectior{ 4.B we compute the Bregman-divergence for somiepar choices ofl.

The concept of Bregman-divergence in optimisation waothtced in|[12] and has recently at-
tracted much attention e.g. in the inverse problems commy{see 17| 42, 27] or in statistical and
machine learning [26, 56, 80].
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Next, we introduce different classes of solutions for Egumefll) discussed in this paper.

Definition 2.2. (i) Letu € D(J) be a solution ofi{l1). Theg is calledattainable
(i) An elementu € D(J) is calledJ-minimising solutiorof (1), if u solves[(1) and

J(u) = inf{I(0) : K =g}.

(iii) Let g € V be attainable. An elemer € V is called asource elemenif there exists al-
minimising solutionu of (T]) such that

(7) K*pe€ ad(u).
Then, we say that satisfies the source conditidi).

It is well-known in the theory of inverse problems with detémistic noise [see 37] that the source
condition [7) is sufficient for establishing convergencesdor regularisation methods. It can be un-
derstood as a regularity condition fdminimising solutions of Equation(1). Put differentlyrfeach
regularisation functional and each operatdf, the source condition[7) characterisase particu-
lar smoothness-class of solutions fof (1) for which fast retootion is guaranteed. We clarify the
notionsBregman-divergencandsource conditiorby some examples in AppendiX A.

Under fairly general conditions existencedahinimising solution can be guaranteed. We formalise
these conditions in the following result, however, we orh# proof since it is standard in convex
analysis [see 36, Chap. Il Prop. 2.1].

Proposition 2.3. Let g€ V be attainable and assume that for akdR the sets
(8) {ueU : |[Ku||+J(u) <c}

are sequentially weakly compact. Then, there exist a Jmiamg solution of(Z).

3. A GENERAL SCHEME FORESTIMATION

In this section we construct a family of estimatarfor' J-minimising solutions (cf. Definition 2]12)
of Equation[(1) from noisy dat# given by the white noise modéll(2). We define the estimatoes in
variational framework and prove consistency as well as em@nce rates results in a rather general
setting.

3.1. MR-Statistic and SMR-Estimation. We introduce a class of similarity measures in order to
determine whether the residuals- Kd for a given estimatou & U resemble a white noise process or
not. We will consider the extreme-value distribution ofjprtions of the residuals onto a predefined
collection of lines inV. To this end, assume that

®={g1,®,...}  ran(K)\ {0}
is a fixed dictionary such thdtg || < 1 for all n € N. For the sake of simplicity, we will frequently
make use of the abbreviatiagi = @/ || |-
Definition 3.1. Let {ty : R™ x (0,1] — R}y .y be a sequence of functions that satisfy the following
conditions
(i) Forallr € (0,1], the functions— ty(s,r) is convex, increasing and Lipschitz-continuous with
Lipschitz-constant, such thaly, < L < oo forallN € N and

9) 0> An(r) := inf ty(S1) > —00.
seR+
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(i) There exist constants;,c, > 0 andogy € (0,1) such that for all 6< 0 < gy
(10) tn(s,r) > s+ catn(osr)  for (s;r) e RT x (0,1] andN € N.
Then, forN € N, the mappindly : V — R defined by

Tn(v) = sup tn ([(v, @)1 [[gnll)
1<n<N

is called amultiresolution statistic (MR-statistic)
Remark3.1 Lete:V — L?(Q,2,P) be a white noise process and consider the random variables

Tn(e) = sup tn(le(@)l, llanll)-
1<n<N

Then, for a levelr € (0,1) we denote thél— a)-quantile ofTy(€) by gy(a), that is,
(11) on(a) :=inf{geR : P(Tn(e) <q) >1-a}

Definition[3.1 allows for a vast class of MR-statistics angl tonditions in (i) and (ii) appear rather
technical. The following example sheds some light on a spetass of MR-statistics that later on

will be studied in more detail. We note, however, that ourggahsetting also applies to more involved
statistics, as e.g. introduced in [34, 35].

Example 3.2. Assume thaf fy : (0,1] — R}y is @ sequence of positive functions and define
tn(s,r) :=s— fn(r).

Then, the assumptions in Definitibn B.1 are satisfied; to beerprecise, we can set= 1, An(r) =

—fn(r) andcy = 1— 0p andc; = 1, whereog € (0,1) is arbitrary but fixed.

Our key paradigm is that an estimatofot a solution of [(1) fits the dat¥ sufficiently well, if the
statisticTn (Y — KU) does not exceed the threshald(a) (o € (0,1) andN € N fixed). Among all
those estimators we shall pick theost parsimoniouby minimising the functional.

Definition 3.3. LetN € N anda € (0,1). Moreover, assume thd}, is an MR-statistic and thaf is
given by [2). Then every elemeng (o) € U solving the convex optimisation problem

(12) infJ(u) st Tn(o 1Y —Ku)) < an(a)
ue
is called astatistical multiresolution estimator (SMRE)

An SMRE U (a) depends on the regularisation parametérs N anda € (0,1) that determine
the admissible regiom (o) for T =Ty in (B).

In order to guarantee existence of a solution of the conveklpm in Definitior 3.8, that is exis-
tence of an SMRE, it is necessary to impose further standauhaptions:

Assumption 3.4. There exists ple N such that for all o= R the sets
A(c) = {u eU : sup [(Ku,@)|+I(u) < c}
1<n<No
are sequentially weakly compact.

Assumptior 3.4 guarantees (weak) compactness of the leteb§the objective functional re-
stricted to the admissible regiowiy (o). We note, that if) is strongly coercive (e.g. whehis as in
Exampld’A.l of A#) then Assumptidn3.4 is satisfied withaut eestrictions on the operatét. If J
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lacks strong coercivity (as it is e.g. the case with the tatalation semi-norm studied in Section4.3)
additional properties df are required in order to meet Assumption| 3.4.
Application of standard arguments from convex optimisagi@lds

Proposition 3.5. Assume that Assumptibn 8.4 holds and let Nl and a € (0,1]. Then, an SMRE
On (o) exists.

Finally, we note that Assumptidn 3.4 already implies theureaments in Propositidn 2.3 and con-
sequently existence dfminimising solutions.

3.2. Consistency and Convergence RatesMNe investigate the asymptotic behaviourwyf(d) as
the noise leveb in (2) tends to zero. According to the reasoning followingfiBidon [3.3, the pa-
rameterdN € N anda € (0,1) can be interpreted as regularisation parameters and héeedioosen
accordingly: The model parametdrhas to be increased in order to guarantee a sufficiently atecur
approximation of the image spa®e whereas the test-level tends to 0 such that the true solution
(asymptotically) satisfies the constraints[ofl(12) almosely. We formulate consistency and conver-
gence rate results by means of the Bregman-divergence &MHRE Uy (ar) and a true solution’ in
terms of almost sure convergence.

Throughout this section we shall assume that Assumplichs2d 3.4 hold and th&toy }, iS
a sequence of positive noise-levels [ih (2) such thats 0" ask — «. Moreover, we assume that
{ak}en C (0,1) is a sequence of significance levels and tiat No is such that

(13) Z ag <o and limNg = .
K=1

k—co0

Theorem 3.6. Let u' be a J-minimising solution off]) where ge spar and assume that
SUpTN(E) < o0

NeN

and
(14) (= akmax<l<irr11<fN Anc(lanl)s v/ — Iogak> — 0.

SIS Nk
Then, forly := Oy (ak) as in(12) one has
(15) sug|Gy|| <, J(0) —Ju") and Dy(u',G)—0 as.

keN
as well as
* K — Kuf
(16) limsup sup [(gh, KO ) <o  as.
k—s00  1<n<Ng dk

Theoreni 3.6 states that if for a given vanishing sequenceisérevelsoy, suitable (in the sense
of (14)) sequences of regularisation paramebéranday can be constructed, then the sequences of
corresponding SMRE converges to a tdaminimising solutionu’ w.r.t. the Bregman-divergence. We
note that the assumption on the boundedness of MR-stdfigt&) is crucial and in general non-trivial
to show.

It is well known that without further regularity restrictie onu', the speed of convergence nl15)
can be arbitrarily slowSource conditionss in Definition 2.2 (iii) are known to constitute sufficient
regularity conditions with quadratic fidelity (cf. [59,l7,.58]). In our situation, where the fidelity
controls the maximum over all residuals, we additionallyehto assume that the source elements
exhibit certain approximation properties:
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Assumption 3.7. There exists a J-minimising solutiof of (I)) that satisfies the source conditigf)
with source element’p Moreover, for nN € N there exist hy € R such that

N
—0 and supz || < 0.
NGNn:l

(17) erj(p') =

N
F’Jr - z (NI
n=1

Remark3.2 i) Assumption[3.V amounts to say that there existsrainimising solutionu’ that
satisfies the source conditidd (7) with a source elenpérihat can be approximated sufficiently
well by the used dictionarg. From [7) it becomes clear that we can always assumepthat
ran(K), such that the first condition if_(IL7) is not very restrictirefact.

i) Good estimates of approximation errors for non-orthwgjadictionaries® are hard to come up
with in general. Examples of non-orthogonal dictionaridsere such estimates are available are
wavelet- [28] and curvelet: [18] frames.

iii) It is important to note that, given prior information ahe true solutioru®, the conditions in
Assumptiori_ 3.7 may indicate whether a given dictionary il sugted for the reconstruction of
u' or not. As we will see in Sectidd 4, a priori information on #moothness ai' can typically
be employed.

Theorem 3.8. Let the requirements of TheorémI3.6 be satisfied and assutherfthat Assumption
[3.7 holds with g= spar. If iy := max(, ermy, (p')) — o, then
DX (g ut _ - K — Ku'
(18) lim supw <o and limsup sup [, KO )
k—oo Nk k—oo  1<n<Ng Nk
Remark3.3 The convergence rate result in Theorlend 3.8 is rather genertile sense that the rate
function ny in (18) has to be determined for each choicekofJ and ® separately. We outline a
general procedure how this can be done in practice: asswahe'tts aJ-minimising solution of[[(1L)
that satisfies Assumptidn 3.7 with a source elenpént

() The sequencg—infi<n<nAn(||h||) }nen IS POSitive according td {9). Hence

<o a.s.

o= N er(B) <~ nt M) )

is well-defined and sinc@oi } .y is non-increasing one ha < Ni; 1 andNy — o ask — .
(i) After setting nx = —okinfi<n<n, An (|| @h||) it remains to check that the sequence of test-levels

ay = exp(— (KI’]k/Uk)Z) is summable (for some constant> 0).
For the so constructed sequendisny anday, the assertions of Theordm B.8.

4. APPLICATIONS AND EXAMPLES

In Section[B we developed a general method for estimatiod+mfnimising solutions of linear
and ill-posed operator equations from noisy data. Our egtim scheme thereby employed the MR-
statistic Ty (cf. Definition[3.1). In this section we will study particulanstances of MR-statistics
covered by the general theory in Section 3:

¢ We study the case wheflg constitutes the extreme-value statistic of the coeffisi@nt.t. an
orthonormal dictionary® (Sectioni 4.11). We show how Assumptionl3.7 in this case rexluce
to the requirement that the true solutiah lies in a Sobolev-ellipsoid w.r.t. the systein
Moreover, it will turn out that for the case whah denotes the eigensystem of a compact
operator, SMR estimation can be considered as soft-thidiago
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¢ In Sectiori 4.2 we skip the assumption of orthonormality atahene general SMR-estimation
w.r.t. (non-orthonormal) dictionaries that satisfy cartantropy conditions. In particular, we
will consider the case whed =V = L2([0,1]%) and when® consists of indicator functions
w.r.t. a redundant system of subcubes[Oni]®. As indicated in Exampl&_1.1, the main
application we here have in mind is locally adaptive imaging

¢ Finally, we study the case when the penalty functiah& chosen to be the total-variation
semi-norm orlJ = L2(Q) in Section[4.B. We shed some light on the meaning behind the
source-condition[{7) and the Bregman-divergence for tadabtion regularisation, comple-
menting the examples in AppendiX A. Additionally, we higjtit the implications of our
general convergence rate results for image deconvolutibrEkampld 1.P).

Throughout this section we assume that Assumpfiods 2.1 g@hkddd. Moreover, we shall agree
upon{ai},.y being a sequence of noise levels such that> 0" and that fork € N there areny €
(0,1) andNk € {No,No+ 1,...} such that[(I3) holds.

4.1. Introductory Example: Gaussian Sequence Model.In this section we shall consider the case
where the dictionary® = {@, @, ...} constitutes an orthonormal basis @n(K). Evaluation of
Equation[(2) at the elemengs hence yields

Yn = 6h+ O&n,

whereY (¢h) = Yn, 6, = (Ku, @) andg, = €(@). We define the MR-statistity by settingty(s,r) =
s—+/2logN in Definition[3.]. In other words, we consider the maximumta toefficients w.r.t to
the dictionary®, that is
(19) Tn(v) = sup [(V,¢h)|—+/2logN.

1<n<N
Since {@, @,...} are linearly independent and normalised, it follows tha thndom variables
£1,&,... are independent and standard normally distributed. Thdié® that sup.y Tn(€) < o
holds almost surely.

In what follows, we will apply Theorenis 3.6 ahd 3.8 to the préscase. To this end, we observe
that foro > 0 andN € N it follows that

~oint M(|@l) = ov/2logN.
With the above preparations, we are able to reformulatedhsistency result in Theorem B.6.

Corollary 4.1. Letu’ € U be aJ-minimising solution of[(IL) wherg € spar. Moreover, assume that
2 a .
ofmax(logNg, —logay) — 0. Then, the SMRE = Uy, (0k) almost surely satisfie5 (115) arid (16).

In order to apply the convergence rate result in Thedreim/&8,mptiori 3.7 has to be verified. We
setbhn = (pT, %> in Assumptiori 3.7. Note that the expressionyép) denotes the approximation er-
ror of theN-th partial Fourier-series w.r.t. Thus, Assumptioh 37 is linked to absolute summability
of the Fourier-coefficients w.r.t. the basis i.e.

(20) S (P an)| <
n=1

TheBernstein-Stechkin criteriois a classical method for testing for absolute summabNifg.present
a version suitable for our purpose in the following

Proposition 4.2. Let pf € V. Then,20)is satisfied ifs y_, ern(p’)/vN < o.
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Proof. The classical version of the Bernstein-Stechkin Theorera §sg.. 64, Thm. 7.4] states that for
eachf € L?([0,1]) and each ON-basis= {vy,V»,...} of L%([0,1]), the Fourier-coefficients of are
absolutely summable, ¥§_; erny(p')/v/N < . Since each separable Hilbert space is isometrically
isomorph to 12(]0,1]), the assertion finally follows. O

Following the procedure outlined in Remarkl3.3 (Secfibn 8)define
(21) Nk::inf{N eN : emy(ph) < ak\/ZIogN} and Ny := 0ik\/21ogNk.

Corollary 4.3. Letg eV be attainable and" € U be aJ-minimising solution of[(ll) that satisfies the
source condition with a source elemapitsuch that[{412) holds. Moreover, Ik andny be defined

asin[21). If

KI’[k

2 2
for a constank > 0, then the SMREK = Uy, (0k) almost surely satisfies (1L8).

The problem of characterising those elemepitss V that satisfy the assumption of Proposition
(4.2) is a classical issue in Fourier-analysis and appration theory. Sufficient condition are usually
formalised by characterising the decay properties of theriEpcoefficients. In a function space
setting, this leads to particular smoothness classes atifurs and in the general situation can be
given in terms ofSobolev ellipsoids for a constanty3,Q > 0 we define®(3,Q) as the infinite-
dimensional ellipsoid

(22) 0(B,Q) = {9 ey nzﬁeﬁgQZ}.

neN
The Sobolev class \\3,Q) C V is then defined to consists of alle V such that{(v,¢h)},cny C
O(B,Q) [see 75, Sec.1.10.1]. Ferc W(3,Q) we have that Propositidn 4.2 is applicablgif> 1/2.
Example 4.4. Assume thatl(u) = %HUHZ and letK be a compact operator with singular value de-
composition (SVDX (Yn, ¢h,Sh) Fnen: {Wh}ney IS @n orthonormal basis (ONB) of K&€)L, {¢h ey
is an ONB ofran(K) and the singular valuels,},,.y are positive and, — 0 asn — c. Moreover
(23) Kgh=s¢ and K'gh= s,
forallne N. ForN € Nanda € (0,1] it turns out (e.g. by applying the method of Lagrangian
multipliers) that the SMREN (o) with Ty as in [19) is ashrinkage estimatogiven by

N N 2logN
n(a) = len Iy, (1_ an(a) %‘;\/’ og > .
n= n +

We note thaty (o) is a particular instance of a soft thresholding estimator.

Now, letu’ € U be a minimum-norm solution of(1) that satisfies the sourcelition K*p' = u’
(cf. Examplé A1) with source elemept € W(B,Q) for Q > 0 andB > 1/2. Then, erg(p’) < QNP
and it follows from [21) that

2
Ny ~ (g) and ng~ oky/—logaok.
k

If ok has polynomial decay, we can choose a constantO such thaty = exp(—(knk/ok)?) = a,fz
is summable and it follows from Corollary 4.3 and Exaniplel fhat

limsup Ju — ONk(ak)H2 <o as.

1
koo Oky/—10Q 0k
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This corresponds to the choige= gyx/—logak in [6].

As mentioned above, sufficient conditions for the Bernsg&echkin criterion (cf. Proposition
[4.2) in a function space setting are usually formalised arabterising smoothness properties. The
following example shows how this applies to Holder-conitinu

Example 4.5. LetV = L[Z)er( [0,1]) be the Hilbert space of all square-integrable and periadictions

on the unit interval. Moreover, we assume that(K) = L2([0,1]) and consider thérigonometric
basis
@n=V2cognmx) and  @n1 = V2sin(nmx).

Assume thap' € 73([0,1]) NV (cf. Definition[B.4) with3 > 1/2. Then we have that er¢p’) <
QN~BlogN for a suitable constar® > 0 and therefore it follows from Propositién 4.2 tHafl(20)dwl

Hence, ifu’ is aJ-minimising solution of [1L) that satisfies the source cdndit{7]) with source
elementp’ ¢ 23([0,1]) and if the sequences, Nk anday are chosen as in Examgle K.4, thgn="
n, (ak) almost surely satisfy (18).

Remark4.L i) The assertions of Example_4.5 still hold if the trigonorebasis is replaced by
any other orthonormal bas{sm} . of ran(K) such that the Bernstein-Stechkin criterion]4.2 is
satisfied. This holds for example for a vast class of orthmabwavelet bases of4([0,1]) as
studied in[24].

i) For the trigonometric basis in Examgle 4.5, the Bermstgiechkin criterio 4]2 can be replaced
by the requirement that™ e 3([0,1]) for any 3 > 0 is additionally of bounded variation [see

82, Vol.1 Thm.3.6].

4.2. Non-orthogonal Models. In contrast to Section 4.1, where we considered orthonodicéb-
naries, we will now focus on more general (nhon-orthonormsgitems. In other words, we consider
sequences

®={o,@,...} Cran(K)\{0}
and assume thdtg,|| < 1 for all n € N. Moreover, we will make use of the MR-statisflg (cf.
Definition[3.1) defined by

(24) tn(s,r) =s—+/—2ylogr, (s;r) €R" x (0,1]
wherey > 0 is a constant. As outlined in Examplel3.2, one verifiestipg r) satisfies the assump-
tions of Definitio:3.1. In particular, we find thak (r) = —/—2ylogr > —oo for all r € (0, 1].

The parametey that appears i _(24) has to be chosen appropriately in depeacon®d in order
to guarantee that the MR-statisfig(¢) is bounded almost surely. A sufficient condition phas for
example been given in [35, Thm 7.1]

Proposition 4.6. If there exists constants, B > 0 such that
(25) D(ud,{pe® : ||| <d}) <AuBsY, forallu,ée(0,1]
then almost surelgupcy Tn(€) < . Here D denotes the capacity number (cf. Definition B.6).

Corollary 4.7. Letu' € U be aJ-minimising solution of[[11) wherg € spar® andy > 0 be chosen
such that the assumption of Proposition 4.6 is satisfied ebl\a@r, assume that

aimin(, min log (@), logai) —O.

Then, the SMRE = Uk(ay) almost surely satisfie5 (IL5).
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In order to apply the convergence rate results in Thedremitd8necessary that &minimising
solutionu® of () satisfies the source conditidd (7) with a source eldrpéthat can be approximated
by the dictionary® sufficiently well (cf. Assumptiof 3]7). We illustrate thesastion of Theorern 318
whenU =V = L2([0,1]%) (d > 1) and wher consists of a countable selection of indicator functions
on cubes if0,1]% (cf. ExampldL1L).

First, we shall examine when Propositionl4.6 holds. To thid, @ve will focus first on the (un-
countable) collectior®s of indicator functions on cubes i®,1]%. Then, according to Proposition
[B.8, the assumptions of Propositibn4.6 are satisfiedtfer s andy = d. Particularly, it follows
that the assertion of Propositibn 1.6 also holds for antyitteountable) sub-systenis C @, that is
the statistic

Tn(e) = sup [&(Xq,)| — v/ —dlog(Ad(Qn)) where xq, € ®

1<n<N

stays bounded a.s. &s— o (note here, thattxq, || = v/Ad(Q)).
Next, we study Assumptidn 3.7 in the present setting. #et {Q1,Qq, ...} be a countable system

of cubes and seb = {xg, : n€ N}. We shall assume tha? satisfies the conditions of Lemrpa B.5
(whereX = [0,1]9 andA; = Q; for i € N). Let{n},.y and{& },y be defined accordingly. Moreover,

we define
& = n|<ij2fn|+1 \/Ad(Qj) = n|<ijr%fn|+1 x|+

where we assume thdt, }, is non-increasing. This means that we decompose th@.g8t into
sub-cubed(; }n|<j<n|+1 whose size (oscalg is bounded byjg,§]. It is more natural to formulate
convergence rate results in terms of the total nunmbef used scales rather than in the total number
of sub-cubedN = N(m) = ny,1. Following Remark3J3 and applying Lemina B.5 we thereforfinde
for a given continuous functiop’ : [0,1]9 — R

o ) m+1 2 .
(26) mg = mf{me N : Z'J]:ow_z(@,PT) < —20¢ Iogsm} and ny := oiky/—2109&m,.

Herew(-, p') denotes the modulus of continuity pf (cf. Definition[B.2). With this and the general
convergence rate result in Theorem| 3.8 we immediately wbtai

Corollary 4.8. Let u' € L%([0,1]%) be aJ-minimising solution of [1) wherey € spar and that
satisfies the source conditiofl (7) with source elen@nt C([0,1]9). Moreover, letm, and n be
defined as in(26). If

KNk

2
limne=0 and ay:= e (@) = en2< € 14(0,1)

for a constank > 0, then the SMREI'= Uy (m,) (k) almost surely satisfy (18).

Example 4.9. We consider the system of all dyadic partitiofs= 22, of [0,1]¢ as in Exampl&BJ9.
In particular, we note that the assumptions of Lerima B.5ufiléd with nj = (2901 — 1) /(29 — 1),
& =2"'vdandg =27'4/2,

If p" e 2#3([0,1]%) for 0 < B < 1, then there exists a constadit= Q(p') > 0 such thatu(§, p') <

QqB . This shows that

m+1
ZUIZO 0\)72(5\), pT)

m+1

< QP (2* — ) prms—
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for me N large enough. From this and {26) it is easy to see, that

Q2% 1)
1 NPy
2Blog2 Y ( diog2g?z ) @nd M~ Oy —logai

Thus, if there exists a constakt> 0 such that

M+ 1~

K 2
is summable and if the tru&minimising solutionu' satisfies the source conditiofl (7) with source
elementp’ € #;([0,1]), then it follows that the SMRE = Unm,) (ak) almost surely satisfy (18)

with nx = ox+/—Togox.

4.3. TV-Regularisation. In this section we will study SMR-estimation for the speaake where

J denotes thdotal-variation semi-normof measurable, bi-variate functions. This has a particular
appeal for linear inverse problems arising in imaging (sashdeconvolution), since discontinuities
along curves (edges, that is) are not smoothed by minimiking

Over the last years regularisation of (inverse) regrespimblems in a single space dimension
invoking the total-variation semi-norm has been studigerisively and efficient numerical methods,
such as theaut-string algorithmin [29], have been proposed (see elg.| [29, 30, 60] and refesen
therein). In two or more space dimensions, however, thatsitu is much more involved and a
generalisation is difficult [see elg./49]. We study here amresion to the case of space dimension 2
as well as to deconvolution by applying the results in Seido the following setting:

We assume henceforth th@tc R? is an open and bounded domain with Lipschitz-boundz@y
and outer unit normal. Moreover, we set) = L2(Q) and define BYQ) to be the collection ofi € U
whose derivative D (in the sense of distributions) is a signRd-valued Radon-measure with finite
total-variation|Du|, that is

IDu| (Q) = sup div () udx < co.
peCy(QR?) 7
lyl<1
We note that the nornjul|gy = [|u]|_+ +|Du| (Q) turns BV(Q) into a Banach-space and that with
this norm BV Q) is continuously embedded int¢(Q). The embedding is even compact #(Q) is
replaced by P(Q) with p < 2 (a proof of these embedding results can be found in [1, ThB}. Bor
an exhaustive treatment of B@) see [38| 81]). With this, we define

I(u) = |Du| (Q) ifueBV(Q)
] 4+ else.

The functionald is convex and proper and, as it was shown e.g.lin [1, Thm. 2.8} Jower semi-
continuous on B(Q). This shows, thal satisfies Assumptidn 2.1 (ii). Next, we examine Assumption
B.4:

Lemma 4.10. If there existsng € N such that|(K1, @, )| > 0 then Assumption 34 holds. Herg,
denotes the constant 1-function On

Proof. Let ¢ € R and{ux},.y C /A(c). Then in particular it follows that sypyJ(u,) < ¢ < o and
thus we find with Poincaré’s inequality [see 81, Thm. 5.11.1]

U — Ul 2 < €1d () < G2 < o0
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for suitable constants;, c; € R, whereug = A2(Q) ! /o uk(T) dT. Now choosep € {@,...,@} and
observe that

Ul (@, KD _ [(@.Ku| _ [(@,K(uk —u))| | [{@,Ku))|

el el ol ]

— Ku,
< K| ue— i 2+ sup 1KY e, e
1<n<N

ol
Let 1< np <N be such that(K1, ¢n,)| =: y> 0. Then,|un| < (||K||c2+C) || @, || /Y =: c3 and we find

[[nllc2 < ([ltn = Un[| 2 + [[Unll 2) < €2+ €3A2(Q).
U

We note that the assumptions in Lemma 4.10 already imply #ekweompactness of the sdis (8)
and thus guarantee existence ad-minimising solution of [(1). From the above cited embedding
properties of the space BQ) it is easy to derive an improved version of the consistensylten
Theoreni 3.b.

Corollary 4.11. Let g € spar and assume that' € BV(Q) is the uniquel-minimising solution
of (). Moreover, let{ak},.y and {Ng},.y be as in Theore 3.6 and defing= Oy (ax). Then,
additionally to the assertions in Theoreém]3.6 we have that

G T
Ml“uk_u |,p=0 as.
for every 1< p< 2.

Proof. From Theorerfi 316 it follows thaftl },y is bounded a.s. in4(Q) and that each weak cluster
point is aJ-minimising solution of[{1l). Since we assumed thts the uniquel-minimising solution
of (@), it follows thatui — u' in L2(Q) a.s. and therefore also irP[Q) for each 1< p < 2.

SinceQ is assumed to be bounded, it follows th&{(Q) is continuously embedded intc'(Q).
Thus, it follows from Theorern 316 that almost surely gup|0k||gy, < . From the compact embed-
ding BV(Q) — LP(Q) for 1 < p < 2, it hence follows thaf} . is compact in I°(Q). Thus, the
assertion follows, since weak and strong limits coincide. O

Unfortunately, the above embedding technique can not lebingeder to improve the convergence
rate result in Theorein 3.8 to strond-convergence and thus we have to settle for the generatsesul
in Theoreni.3.B. Therefore, we aim for an interpretation ofengence w.r.t. the Bregman-divergence
in (I8). We summarise:

Lemma 4.12. One hast € dJ(u) if and only if there existz € L*(Q,R?) with ||Z|| » < 1 such that
(z,v) =00n0Q,

div(z) =& and /qudx: DUl (Q).
If & € 3J(u), thenDS(v,u) = |DV| (Q) — [, Evdx.

Proof. Assertion (ii) directly follows from the definition of the Bgman-divergence and (i). The
equivalence relation in (i) was proved e.g.lin/[39, Thm. 2] 4. O

Remark4.2 The result in Lemma_4.12 (i) allows a geometrical intergtiein of the Bregman-
divergence w.r.t. the functiondl As it was worked out in.[16, Sec. 5.1], one can show that

DS (wu) = [ (1—cos(y(wu.x))) d|DVi (x
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(a) Angley = y(v,u,x) between the unit normals of the (b) Indicator functionu = xp on a compact seb with
level lines ofu (solid) andv (dashed) at a pointe Q. smooth boundarygD and corresponding vector fiefwith
compact support satisfying djg) € dJ(u)

FIGURE 2. TV-Regularisation.

wherey(v,u,X) denotes the angle between the unit normals of the sub-&tgedéu andv at the point

x € Q (cf. Figure 2(a)).

We recall that a function € BV (Q) satisfies the source condition, if there exiSts ran(K*) such
thaté € dJ(u). Itis important to note, that in many applications the elataén rar{fK*) exhibit high
regularity such as continuity or smoothness. Thus it is ofigaar interest, if such regular elements
in dJ(u) exist. Ifuis itself a smooth function, application of Green’s Formaiel Lemm&4.12 yield
[see also_72, Lem.3.71].

Lemma 4.13. Let u € C}(Q) and setE[u] = {x€ Q : Ou(x) # 0}. Assume that there existse
C3(Q,R?) with |zl < 1 and

Z(X) = — for x € E[u].

Then,& :=div(z) € dJ(u).

In many applications (such as imaging) the true solutienBV (Q) is not continuous, as e.g. uf
is the indicator function of a smooth dBtC Q. The following examples shows that in this case we
still havedJ(u) NCg (Q) # 0. For the analytical details we refer 1o [72, Ex. 3.74]

Example 4.14.Assume thab C Q is a closed and bounded set witfi-boundarydD and seti= xp.
The outward unit-normat of D then can be extended to a compactly suppattéevector fieldz with
|7l <1 (cf. Figurd 2(0)). Independent of the choice of the extamsive then havé :=div (z) € dJ(u)
andé € CZ(Q).

Example 4.15. We consideQ = [0,1]? andV = L2(Q). Moreover, we assume tha?, denotes the
set of all dyadic partitions o2 (cf. Exampld_ B.D) and thap is the collection of indicator functions
w.r.t. elements irg?,.

For a functionk : R? — R, we consider theonvolution operatoonU defined by

(Ku)(x):/Rzk(x—y)LT(y) dx forxeQ

whereu denotes the extension afon R? by zero-padding. Assume further thaltis the indicator
function on a closed and bounded §t- Q with C*-boundarydD and thaté € dJ(u') is as in
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Example[Z14. If the Fourier-transfort# (k) =: k of k is non-zero a.e. ifR2 and if there exists
B € (1,2] such that

(1+|[3)P/2 (é/R)eLZ(RZ) and supp(p*::9’*1<é/k))CQ,

then Assumptiof 317 is satisfied. To be more precise, we gt Hp_1(Q) [see 2, Thm. 7.63]
and if there exists a constakt> 0 such thaboy ;= ak2K is summabile it follows from Example 4.9 and
Lemmd4.1P that
[DO(Q) — g &ldx [ 1 cogy(0, u,x)) d|DG (x)
limsu =limsu
Koo P okv/ —log ok Koo P oky/—log ok
for the SMREu, = Oy, (ak) (WhereN is as in Examplé_4]9).

<o a.s.

ACKNOWLEDGEMENT

K.F. is supported by the DFG-SNF Research Group FORRafstical Regularizatio(Z-Project).
P.M and A.M. are supported by the BMBF project 03MUPARNB/ERSand by the SFB75Fhotonic
Imaging on the Nanoscalé\.M. is supported by the SFB8@aunctionality Controlled by Organiza-
tion in and between Membrane§he authors would like to thank S. Hell, A. Egner and A. Schee
(Department of NanoBiophotonics, Max Planck Institute Biophysical Chemistry, Géttingen) for
providing the microscopy data and L. Dimbgen (Universitgefn) for stimulating discussions.

APPENDIXA. SOURCE-CONDITION AND BREGMAN-DIVERGENCE SOME EXAMPLES

The notions of source-condition and Bregman-divergeneevary common in the field of inverse
problems but are rather seldom found in the statisticalditee. For this reason, we will summarise
the meaning of the source-conditidd (7) and the Bregmaerg@ance for some frequently used regu-
larisation functionalsl. We also note that in Sectign 4.3 the more complex examplaenhis the
total-variation of a measurable function on a dom@iis studied in more detail.

Example A.1. Let J(u) = %HUHZ. Then, J is differentiable onJ and for allu € U the setdJ(u)
consists of the single elemefu}. We have thad’(v)(w) = (v,w) and consequently

Dy(v,u) = D} (v,u) = % [v—ul> for & =ue dd(u).
Moreover, the source condition] (7) can be rewritten to
u' e ran(K*).
Since rarfik*) = ran(K*K)1/2, this shows that the source conditidd (7) corresponds tdHiblder-
source condition lic ran(K*K)# for B = 1/2 [see 37]. Inl[7, Sec. 5.3], the Holder-source condition

w.r.t. asmoothing operator kon Hilbert-scales has been discussed. To be more precmamnas
that {H,J}HE[R is a scale of Hilbert spaces and tiatis a-times smoothing, i.eK :H,_a — Hy is

continuous with continuous inverse. Then the conditibr= (K*K)P p implies thatu" € Hyps. A
prototype for Hilbert scales are Sobolev spaces. Here thexin corresponds to the Sobolev index.

Example A.2. Let {(n},oy be @a ONB ofU and define
J(U) = [lully = 3 KU, gn)]-

JEN
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In applications this functional promotsparse solutionghat is solutions that have only few non-zero
coefficients w.r.t the basi§iyhn} . As it was argued in [45, Rem. 17] the source-conditidn (79§10
if and only if there exist constantsb, y > 0 such that|u'||, <aand

lully = [Juf[|, = —y[[K(u—uh)]|

for all u € U such thatuf|, <aand|K(u—u")|| < b. If additionally for every finite sef C N the
restriction ofK to the sef{ ), : n € J} is injective, there exist constangs, 3, > 0 such that

*nt
Ju—u[, < BD5 P (u.u") + Bz K (u—u)|
for all u € U (see the proof of [45, Thm. 15] and [40, Thm 6.4]).

Example A.3. Assume that) = L?(Q) for an open and bounded €tc R" with Lipschitz boundary
dQ and outer unit-normal and let H(Q) denote the Sobolev-space of orge R. We define

2 H 1
J(u):{fgmw dx if ue HY(Q)
+00 else.

Then [see 3, pp.63], the sBX(dJ) consists of all elements € H2(Q) that have vanishing normal
derivative(Ou, v) ondQ and ifu € D(8J), thendJ(u) = {—Au}. With this, it follows that)' (v)(w) =
(Ov, Ow) and

Dy(v,u) = D} (v,u) = % |O(v—u)||® for & = —Aue dI(u).
Moreover,u' satisfies the source conditidd (7) with source elengéret V if and only if
—KpPH(x) = Au'(x) inQ
Ou-v = 0 #"lae. odQ
(heres#"~1 stands for thén — 1)-dimensional Hausdorff-measure 6@).
Example A.4. LetU be as in Example_Al3 and define thegentropyby

3 = — Joulogudx if u>0a.e. andilogu € L1(Q)
] +welse.

Then [see 4, Chap. 2 Prop 2.7], the B9 J) consists of all non-negative functions iff (Q) that
are bounded away from zero. One hBév)(w) = (1+logv,w) and if u € D(dJ), thendJ(u) =
{1+ logu}. After some re-arrangements we find

D;j(v,u) = Dﬁ(v, u) = /Q <v|og (\—l:) —V+ u) dx,

that is, the Bregman-divergence coincides in this padicchse with th&ullback-Leiber-divergence
It was proved ini[11, Lem. 2.2] that

2 4
2
vl < (3 s+ s ) Dot

In other words, Bregman-consistency (or convergence)rates. the negentropy yields strong con-
sistency (convergence rates) ih(R). Finally, we note that” € D(dJ) satisfies the source condition
(@) with source elemem’ €V if and only if

eK'PH(X-1 _ uf(x) fora.e.xeQ.



SHAPE CONSTRAINED REGULARISATION 21

APPENDIX B. PROOFS

B.1. Proofs of the main results. In this section the proofs of the main results, that is eriste
consistency and convergence rates for SMRE, are colledMalstart with a basic estimate for the
quantile functiongy(+) of the MR-statistic as defined in_{11). We shall assume thatiAgptions 2.1
and3.4 hold.

Lemma B.1. Assume thafy is an MR-statistic and let € (0,1) andN € N. Then,

an (@) < medTu(e)) + L/~ 2log(2a).

Proof. First, we introduce the functiofi(xy,...,Xn) = SUB<pnIN (X0, [[@hl]). Then, f is Lipschitz
continuous with/[f{| ;; < L. Next, define for I< n <N the random variables, := £(¢;). Then,

(€1,...,&n) ~ A (0,%) for a symmetric and positive matrx e RNN with || £, = 1. Hence

TN(E) = Sup tN(S((pr:F)v H%H) - f(’glv' "7€N) - f(zl/22)7
1<n<N
whereZ is anN-dimensional random vector with independent standard abcamponents. In other
words, the statistidy(¢) can be written as the image @funder the Lipschitz functiorf (%/2.).
Applying Borel’s inequality [see 76, Lem. A.2.2] we find thaP (Ty(e) —medTn(g)) > Ln) <
exp(—(n?/2)) foralln € R. Now leta € (0,1) and set) = gu(a)L. Then,

2
a <P(Ty(g) > qu(a)) < %exp<_% (qN(a) - TGC(TN(S))> ) .

Rearranging the above inequality yields the desired ettima O

We proceed with the proof of the existence result in Thedrésn Bo this end we use a standard
compactness argument from convex optimisation. For the sAlkkompleteness, however, we will
present the proof.

Proof of Theorerh 3]5Let N > Ny andy € V be arbitrary. Due tu Assumption 2.1 (ilp(J) C U is
dense and hence there exists for all gidgen 0 an elementip € D(J) such thatf|Kup — ¥|| < d, where
¥ denotes the orthonormal projectionyobntoran(K). Sinceg, € ran(K) and||¢;|| = 1 forallne N,
this implies that(Kup — vy, @) | = |(Kup— ¥, @)| < d for allne N.

Now leto > 0 anda € (0,1). SinceTy is an MR-statistic (cf. Definitioh3]11) we find thag(0,r) <
0 for allr € (0,1]. Thus, according to according to the reasoning above, #éstsug € D(J) such
that for 1I<n<N

(27) Lot yn— (Kuo, @)| < an(a) — sup An([@l)),

1<n<N
if the right-hand side is positive. To see this, assume dhatr) < sup,-nyAn(/|¢hl)). Since for
1<n<Nwe have thaty(|e(@)], ||@nl]) > An(]|@nl|) @almost surely according tb_(1L0), it then follows
that
P (Ta(e) = an(e) = P (Ta(e) > _sup An(lal)) =1
1<n<N

This is a contradiction to the definition gf(a) in (11) and thusiy € D(J) as in [27) can be chosen.
Sinces — tn(s,r) is Lipschitz-continuous with constahtand increasing for alt € (0,1], we find
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tn(0 Yo — (Kuo, @) [l nll) < tn (O, [|hll) +Lo~* [yn — (Kuo, ¢i)| < an(ar) for 1<n < N. In other
words, there exists at least one elemant D(J) such that

U0€51={U€U . sup tN<a-1|yn—<Ku,<n:>|,||%||>scm(a)}.
1<n<N

Now, choose a sequenge},.y C Ssuch thatl(uc) — infucsJ(u). This shows that sypy J(ux) =
a < . Moreover, we find from[(1l0), that there exist constantg, > 0 such that for all K n <N

C10™*|Yn — (Kui, ¢ )| + Catn(Iyn — (Kui, @)1, )
< tn(oHyn — (Ku @)1 lnll) < an(ar).

Together with[(®), this shows o1 |yn — (Kuk, @) |+ coAn (|| @) < gn(a). Rearranging the inequal-
ity above yields

sup |(Ku, 6] < Sup ol + & () oz, inf Ml ) =tb <
1<n<N 1<n<N 1<n<N
Summarising, we find thatx € A(a+ b) for all k € N, as a consequence of which we can drop a
weakly convergent sub-sequence (indexedolly) say) with weak limitu” Since we assumed that
tn(-,r) is convex for allr € (0,1], it follows that the admissible regioB is convex and closed and
therefore weakly closed. This shows thet S. Moreover, the weak lower semi-continuity &fcf.
Assumptior 211 (ii)) implies

J(0) < |ILTLI°I;lfJ(up(k)) = LrEn‘SJ(u)

and the assertion follows with{a) =0 O

In order to prove Bregman-consistency of SMR-estimatio eoren 3.6, we first establish a
basic estimate for the data error.

LemmaB.2. LetN > Np anda € (0,1). Moreover, assume that is a solution of[(]l) and thaiy{a)
is an SMRE. Then, for K n<N

¢t [(Ku' — Kin(a), @ )| < Tn(e) — 2c2An([| @) + med Ta(€)) + L/~ 2log(2a).

Proof. From Definition[3.38 it follows thaty(o~*|(Ku — Kin(a) + o€, @), [|gnl]) < an(a) for
1 < n < N. The convexity oty hence implies that

tn((20) 7 [(Ku" = Kan(a), ), [l anll)
%(m( (Y~ Ka(), g5 I aml) + 251 ) < 5 (on(an) + Tu(e))
By settingv = (20)* |(Ku' — Kln(a), @; )| andr = ||| in (Z0), the above estimate shows that
cx(20) | (Ku ~ Kai() g)| ez (3K~ Kaw(a). )] ) < METINE.

Sincetn (v,r) > An(r) for all ve R* andr € (0,1] (cf. (@) thisimpliesc;o |(Ku" — Kdn(a), @ )| <
an(a) + Tn(g) — 2cAn(J|@n]|) for 1 < n < N. Finally, the assertion follows from LemrhaB.1. [

With these preparations, we are now able to prove Bregmasistency.
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Proof of Theorerh 3]6By the definition of the SMREi = Uy, (ak), it follows that

P (3(G) > I(u")) < P (Tn (g 1Y = Ku") > an () =P (T (€) > an (ak)) < o

for all k € N. Sincey,;akx < o, it follows from the Borel-Cantelli Lemma [see|73, p 255] ttha
P (J(G) > JI(u") i.0.) <P (Ty.(g) > an (k) i-0.) = 0, or in other words

(28) P (3ko € N: J(Gk) < J(u") for all k> ko) = 1.

In particular, it follows that supy J(0k) =:a< © a.s.

Next, we note that syp. Tn(€) < o« a.s. implies that SLN%N medTn(€)) < . Hence, it follows
from LemmdB.2 and (14) that syg,y, | (Ku" — K0, @ )| = () almost surely. ak — c which
proves[(16). In particular (16) and the fact hat> No imply Supy SUp <n<n, [(KOk, @)| =: b < o
a.s. Summarising, we find theg € A(a-+ b) which is sequentially weakly precompact according to
Assumptiorf 3.4 (ii). Choose a sub-sequence indexed(By with weak limitd e U. SinceNy — o
ask — o it follows from (18) and[(14) that

(g— Ku%>’—|lm|<KUT Kl )| =0 forallneN.

Since we assumed thatc spanb this shows thaK (i = g. Furthermore, according tb_(28) there exists
(almost surely) an indeko such thatJ(U, ) does not exceed(u") for all k > k. Together with
the weak lower semi-continuity af this showsJ(0) < liminfy .. J(lpag) < limsup e, I(Up)) <
J(u"). Sinceu' is a J-minimising solution of [(Il) we conclude that the same holoisd and that
J(0) = J(u") =lim k-0 J(Up(k)- IN particular, for each sub-sequenKux) } . there exists a further
sub-sequence that convergesta’). This already shows that lign.. J(0x) = J(u') a.s.

We next prove thaD;(u', ) — 0. To this end, recall that there almost surely exists anxirige
such that fokk > ko one hasly, (¢) < gy (ak). In order to exploit strong duality arguments, however,
we have to make sure that the interior of the admissible regionon-empty (Slater's constraint
qualification). But since we assumed tisat> ty(s,r) is (strictly) increasing for each fixede (0, 1]
it follows thatP (tn, (|€(@)|, |@;]l) = an(ak)) = O for alln € N and thus

(29) P(3ko: Tn (&) < ane(ak) forall k> ko) = 1.
By introducing the functional

i -1
= {(—)Foo gl:gk(ak (Y =v)) < anlaw)

we can rewrite[(T12) intoy"c argmin,. J(u) + Gx(Ku). From [29) it follows that' lies in the interior
of the admissible set of the convex probldml(12). In otherdspthe functional&y are continuous
at Ku' for k large enough. Therefore we can apply! [36, Chap. Il Prop. @fl]also Chapter I,
Remark 4.2 therein) and choose an elendgrtVV such thak*& € dJ(0x) and— &y € dGy(KUk). The
second inclusion and the definition of the sub-gradient sheGy (Ku) > Gy (0k) — (&, Ku— Klyk) =
(K*&, Gk — u) for all u € U. In particularu’ satisfiesTy, (g, 1(Y —Ku")) = Ty, (€) < an, (k) and thus
Gk(Ku™) = 0. This shows 0> (K*&, 0k — u'). SinceJ(t) — J(u") we find

0 < limsupD,(u', ) < limsupD *(uf, G
k—s00 k—o0
= limsupJ(u") — J(G) — (K*&,u" — G) < limsupd(u") — I(Gk) = 0.

k—co0 k—00

This proves[(15). O
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It remains to prove the convergence rate results in The@r&n B this end additional regular-
ity of the trueJ-minimising solutionsu™ of (@) has to be taken into account. This is formulated in
Assumptiori 3.J7. With this we get the following basic estienat

Lemma B.3. Assume that Assumptidn_3.7 holds andNet Np anda € (0,1). Then,
N
. o (= .
(i) )] < 2 (Tule)— 202, ind MCl) +Ly/~2100(28) ) 5 o
- = n=1

)

+ PN HKL’]N(C!)—KUJr

whereTy () = Tn(€) + med Ty (€)).
Proof. From Assumptiof 3]7 we find that
|(K*p', O (a) —u")| = [(pf,Kin(a) — Ku")]

N
< S bangg, Kan(a) — KuT>
n=1

N
<Y |ban| sup (¢, Kan(a) — Ku") |+ pn [|KOn () — KuT]|.
n=1

< +pn ||Kan (@) — Ku'||

1<n<N

From Lemma&B.P it follows that

sup [(a Keie) Kb < & (Tute) 202, it Anlnl) +Ly/~Ziog(2a) |

1<n<N 1

which shows the assertion. O

Combination of the auxiliary result in Lemrha B.3 with Them8.6 paves the way to the proof of
Theoren 3.B.

Proof of Theorerh 318First, observe that Assumptién B.7 and the definitiompimply (14), that is,
all assumptions in Theoreim 8.6 are satisfied. Therefogg, . is bounded almost surely and due to
the continuity ofK we find that sup.y | Kk — Ku'|| < « a.s. After settindd := supycy $h-1 [bnn|,
which is finite according to Assumptign 8.7, it follows fronetnmd B.B and the definition af that

X Boi «
(30) |(K*pf, G —uP)| < %TNk(e) 1 Cny

for a suitably chosen consta@t> 0. Since supcy Tn(€) < o almost surely, it follows that also
SURyen TN(E) = supyey (Tn(€) +med Ty (€))) < o a.s. Combining this witH (30) shows
[(K*p",Gc—u")|= O(ne) as.

Next, recall from[(2B) in the proof of Theordm B.6 that almsstely an indeXg can be chosen such
that for allk > ko one hasl(0x) < J(u'). This shows that

DXP' (G, ut) = 3(G) — I(uT) — (K*p', e — u) < |(K*pT, G — uT)| = & (i)

for k > ko. This proves the first estimate in_{(18). The second estinwdl@fs directly from Lemma
B.2. O
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B.2. Approximation of continous functions and entropy estimates. In this section we collect some
results on the approximation properties and entropy estirfar systems of piecewise constant func-
tions defined on a convex and compactXet RY (d > 1). We start with the following basic

Definition B.4. Let X ¢ RY be compact and convex.

(i) For afunctiong: X — R, themodulus of continuitys defined by

w(d,9) = sup |g(s)—g(t)|] ford>0.

(i) Afunction g: X — R is calledHélder-continuous with exponefite (0,1] if w(d,g) = &(5P).
The collection of all functions oiX that are Holder-continuous with exponghis denoted by
H3(X).

B

The following lemma provides an error estimate for the apipnation of a continuoug : X C
RY — R by piecewise constant functions in terms of the modulus ofinaity.

Lemma B.5. Let X ¢ RY be a compact and convex set a8, Ay, ...} be a collection of measurable
sub-sets oK. Assume that there exists an increasing sequéng¢.y C N with ng = 0 such that

(i) forall n +1<i< j<mnyyo0nehasig(ANAj) =0,
(i) and X = Ay 11U...UA,

for all | € N (Aq denotes thel-dimensional Lebesgue measure). Then, for all contingous — R
there exist coefficients]) such that

m N1 m N1

supy Y [}/ < gl and Hg—z > blixa

meN|=0 j=n+1 =0j=m+1

m+1
<=
T Yow(d,9)

whered 1= maX, <j<n ., diam(A;).
Proof. Letg: X — R be continuous. Fdre N we define

N1

g = Z Ad(Aj)_lA- g(r) dT'le'

j=n+1

Next, we introduceym = (w2(8,9))/(37-ow %(dy,0)) for me Nand 1< | < m. Note, thataym €
(0,1) and 3 o<j<maim = 1. With this, we define for 6< | < mandn < j < 4 the coefficients
b} = (almfAj g(t) dAq(T))/Ad(Aj). Since we assumed thgiis continuous on the compact séf it

follows that‘b’jfjl‘ < |9/l &m and hencg |, z?‘;ﬁlﬂ ‘b’ﬂ‘ < ||9l|, for all me N. Moreover, we have
for all se X that

Iialmgl (s)—a(s)

m N1 1 .
- ';alm <1—§+1 Ad(lj) /Aj 19(T) —g(s)l dT - Xa, (3)> :



26 SHAPE CONSTRAINED REGULARISATION

After applying Jensen’s inequality and keeping in mind teatt| < & for s;t € Aj andn < j <nj;1
it follows that
2

< m N1 1
/X IZoaungl(s)—g(s) dsﬁgoaqm/x (j_nZHm , |9(T)—9(S)|2dT-xAj(s)> o
_ il N1 i ) ;
_Izoalmj:nwl A Ad(Aj) Aj‘g(r) 9(s)|” dras
< galmwz(dvg) IZH )\d(AJ)
=0 j=n+1

Assumptions (i) and (ii) together with the definition of theefficientsa,, eventually yield
. 2
J

m+1
ds< .
Yvow 2(dv,0)
For the remainder of this section we collect some results@mring the capacity number of (sub-
systems of) the saby of indicator functions on convex and closed setf0ird]? with d > 1. We first
recall the basic definition

Iia«mgl (s)—a(s)

0

Definition B.6. Let (T,d) be a semi-metric spac€, C T ande > 0. Thecapacity numbers defined
by
D(e,T') = sup ({#T” : d(a,b) > eforalla#beT'}).
TICT!

From a practical point of view, it is often more convenienéxpress[(25) in terms of theecovering
number N¢, T’) of T/ which is defined as the smallest numbegdfalls inT needed to coveF’ (the
center points need not to be elementd Gfthough). It is common knowledge [see 76, p.98] that for
alle>0

(31) N(e,T) <D(g,T) <N(g/2,T).

We considerby C L2(]0,1]9) as a metric space with the inducegHinetric, i.e. forxp, xq € ®g we

have
Ao X6 = X~ Xal*= [ (o= X6)*ha = A4(QLP).

The entire setby is too large in order to render the test-statisticin (24) finite: it was shown in
[13] [see also 33, Chap. 8.4]) that thecovering number ofby of all nonempty, closed and convex
sets contained in the unit bajik € RY : |x| <1} is of the same order as efg'~9/2) (for d > 2)
ase — 0". This proves that there cannot exist any constéantB and y such that[(25) holds with
P = dy.

For particular classes of convex sets, however, entrojipatgs as in[(25) are at hand. The collec-
tion @, of indicator functions orl-dimensional rectangles i0,1]¢ constitutes such an example:

Proposition B.7. There exists a constant-AA(d) > 0 such that
D(u3, {@e @ : || <8}) <AUd) ™
forallu,d € (0,1].
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Proof. From [76, Thm. 2.6.7] it follows that the-covering number ofp, can be estimated by
Ac—2V-1) whereV denotes the VC-index of the set of subgradlizt) : t < ¢(x)} for @ € ®;.
This in turn is equal to the VC-index of the collections ofraittangles irf0, 14 which is 20 + 1 [see
76, Ex. 2.6.1]. O

For certain subsets @b, better estimates can be derived. We close this section esthits for the
systemds and ®, of indicator functions on all squares and dyadic partitiong0, 19 respectively.
We skip the proofs, for they are elementary but rather teddiou

Proposition B.8. There exists a constant-AA(d) > 0 such that
D(ud,{pe®s : ||g] <3d}) <Au24Ds=d  forallu,d e (0,1].
Proposition B.9. Let d > 2 and consider the system of alyadic partitionsn [0,1]9, that is
Py = {Qc 0,19 : Q=27%1+[0,1%), ke N,i = (ig,...,ig) € Nd}.

Let®, the set of all indicator functions on elementsify. Then, there exists a constantAA(d) > 0
such that

A tu2572<D(Ud,{pe ®; : |9 <8}) <Au25 2, forallu,s € (0,1].
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