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Abstract

Semiparametric models to describe the functional relationship between k& groups of ob-
servations are broadly applied in statistical analysis, ranging from nonparametric ANOVA to
proportional hazard rate models in survival analysis. In this paper we deal with the empirical
assessment of the validity of such a model, which will be denoted as a "structural relation-
ship model™. To this end Hadamard differentiability of a suitable goodness-of-fit measure in
the k-sample case is proved. This yields asymptotic limit laws which are applied to construct
tests for various semiparametric models, including the Cox proportional hazards model. Two
types of asymptotics are obtained, first when the hypothesis of the semiparametric model un-
der investigation holds true, and second for the case when a fixed alternative is present. The
latter result can be used to validate the presence of a semiparametric model instead of simply
checking the null hypothesis "the model holds true”. Finally, various bootstrap approximations

are numerically investigated and a data example is analyzed.
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1 Introduction

The asymptotics of many goodness-of-fit statistics can be derived by proving some sort of smooth-
ness (such as Hadamard differentiability) of the corresponding functional together with the weak
convergence of the underlying stochastic process. This approach has been successfully applied in
various one-sample goodness-of-fit problems where the presence of a certain class of parametric

distribution functions is to be investigated (cf. e.g. [23, 39, 9, 5, 6, 50]).

However, many practical problems of testing the goodness-of-fit occur in cases where more than
one sample is observed. For example, the semiparametric analysis of linear models (cf. [1]), the
analysis of acceleration models (cf. e.g. [38, 40, 2]), or of the Cox proportional hazards model
[12] fit into that framework. Our aim is to present a general methodology to obtain goodness-of-fit
tests for the assessment of the validity of these models. The approach is based on the Hadamard
differentiability of the minimum distance between two cumulative distribution functions (c.d.f.s)
up to a semiparametric model, i.e. the remaining distance between the two c.d.f.s after fitting the
model. For the sake of brevity, in this paper we focus on Mallows distance [33] between two c.d.f.s.

However, other smooth distances can be treated analogously.

In the following we assume that we observe two independent real valued samples { X, ..., X,,}
and {Y7, ..., Y,,}, the { X;} being independent identically distributed (i.i.d.) according to F' and the
{Y;} being i.i.d. according to G. Here F" and G denote two unknown distribution functions, which

are elements of the set
F?:={F:Fisac.d.f. and /tzdF(t) < 0o} (1.1)

We will restrict our investigations to one-dimensional observations, however, our results can be
extended to multivariate observations (cf. section 7). Furthermore, we introduce a trimmed version

of Mallows distance [33] between F' and G viz.

(NI

d(F,G) = { . 1 - /  (Fu) Gl(u))2du} , (1.2)
where the quantile function of ' ¢ F2 is defined as
F(u)=inf{t: F(t) >u}, ue(0,1),
and a, b are two fixed trimming bounds, with 0 <a <b <1.
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Example 1.1 (Location-scale and related models). One of the most popular models of semipara-

metric inference is the location-scale model (cf. e.g. [27, 54]), where F" and G belong to the class

Frs = {(F,G) }F(t):G<t — M) =:G(t,0), t € R, forsome 0= (u,0)",0 >0}. (1.3)

g
Hence, in order to assess whether F' and G are related by a location scale model it is tempting to
consider the (trimmed) Mallows distance between £ and GG up to a location-scale transformation,

which is given by

dLS(FJ G) = %Iéléld(F, G(78)>

b 3
_ (fﬁi%‘e@{bia / (Fl(u)—aGl(u)—,u)zdu} , (1.4)

with G(-, 8) from (1.3). For the case o = 1, (1.3) reduces to a location model (cf. [29]), whereas

1 = 0 corresponds to an acceleration model (cf. [52]). Observe that for the case of distributions
with support R* the location model of [37] results, which is used to model the logarithmic survival
times in a random censorship model. This corresponds to a scale model for the survival times (cf.
[53, 51, 32]). For testing procedures in location and scale models see e.g. [26, 11]. From (1.4)
it becomes transparent why Mallows distance is an appropriate criterion to measure the deviation
between F' and G up to F . This distance allows an interpretation in terms of the difference of the
quantile functions (up to a straight line). Thus, we have a natural extension of the popular QQ-plot

of two c.d.f.s (cf. e.g. [17]).

Example 1.2 (Lehmann alternatives). Two c.d.f.s F' and G are related by a Lehmann alternative

[31], if they are in the class
Frean ={(F,G) |Ft)=1— (1 - G(t)"*=G(t,0), t € R, forsome § > 0}. (1.5)
The model equation from (1.5) can be also expressed in terms of the quantile functions as
Fuw)=G"'1-(1-uw)"), ue(0,1),6>0. (1.6)

Hence we obtain for the minimal Mallows distance between £ and G up to F .,

dLeh(Fa G) = glg(gd(F’ G(70))
= ggg{bia/a (F—l(u)—G—1(1—(1—u)9))2du} , (1.7)
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with G(-, 0) from (1.5). Observe that (1.5) is equivalent to the situation of proportional hazard rates

in the two-sample case, where the relation
ha(t) = 0hr(t), tEeR, (1.8)

holds for the hazard rates hr and h¢ corresponding to £ and G, respectively.

In the following we investigate the Hadamard differentiability of minimum distance functionals
such as (1.4) and (1.7) in the two sample case under the assumption that the corresponding semi-
parametric model holds true, as well as under model violations. This will be used to consider the
full power curve of the corresponding test instead of solely the p-value under the null hypothesis
"H, : The semiparametric model holds true". According to the quadratic nature of the proposed
functional we find that the asymptotics under this hypothesis is a complicated y 2-law, whereas
under model deviations asymptotic normality holds. The analysis under alternatives turns out to be
technically more sophisticated, due to the fact that in semiparametric models uniqueness and exis-
tence of a minimum distance has to be guaranteed - a problem which is well known in nonlinear

approximation theory and robust statistics.

The paper is organized as follows. In section 2 we present a general model for the semiparametric
relationship between two distribution functions which helps to unify several special cases. Semi-
parametric relationships between various samples will be denoted as structural relationships. In
section 3 the main result on Hadamard differentiability of the semiparametric functional under
investigation is presented. In section 4 the weak convergence of the corresponding test statistic
is derived under the model as well as under a fixed alternative. Section 5 provides details on the
practical implementation of bootstrap tests for the two testing problems at hand and some results
of a Monte-Carlo study on their finite sample behavior. Some recommendations on their proper use
are provided. Section 6 illustrates our methods, where the Cox proportional hazards model and the
acceleration model are investigated for the difference between treatment groups in the COMPASS
clinical trial, where 2 thrombolytic therapies were compared with respect to survival after acute
myocardial infarction (cf. [49]). The paper closes with several remarks and possible extensions in

section 7. Technical proofs are postponed to the appendix.



2 A general model of structural relationships

The above examples can be regarded as generic in the sense that they cover two essential aspects
of semiparametric models for the relationship between two distribution functions, namely a pa-
rameterized transformation of the quantile function itself (cf. (1.3)) and a transformation of the
argument of the quantile function as in (1.6). This motivates the following definition of a general

structural relationship model between F' and G.

Definition 2.1 Let © C R',and let ¢; : R x © — R, ¢ : [0,1] x © — [0, 1], both continuous
with respect to both parameters. We say that £ and G in F2 (cf. (1.1)) are related by a structural
relationship induced by ¢; and ¢, if (F, G) € Uy, 4, =: U, where the model class ¢/ is given by

u::{(F, G) € F*xF? ’ 36 € O s.t. F(u)=¢1(G (¢a2(u,0)),0), u € [0, 1]}. (2.1)

Note that in Definition 2.1 no specific parametric assumption on F' or GG is made. Hence, in this
paper we are not concerned with the question whether F" and G are jointly normal, say. Here F and

G vary in the entire class F?, restricted to the structural relationship £~}(u) = ¢1(G~*(¢2(u, 0)), 6).

Observe that in a location model we have ¢,(t,0) = t + 6, whereas in an acceleration model
¢1(t,0) = 0t, and in a location-scale model ¢4(¢, (61,602)") = 6, + 05t. For these models,
¢2(u, ) = u. For the case of Lehmann alternatives (Example 1.2) we obtain ¢4(¢,6) = t and
Ga(u,0) =1 — (1 —u)’.

In the following we use the notations D1 H (¢, 6) := 2 H(t,6) and Do H (t,0) := 2 H(t, ) for the
partial derivatives of functions H on R x © whenever they exist; higher derivatives D;; H (¢, 6) are
defined analogously. Further, we introduce a (fixed) interval [p, ¢] for the given trimming bounds

a, b, for which
[a,b] € [p,q] €[0,1] (2.2)

holds. For the subsequent asymptotic analysis we require the following technical assumption.

Assumptions2.2 For F' € F? and # € © it holds that ¢, (F~'(¢2(,6)),6) € F>. For the trim-
ming bounds a, b, let [(0) := ¢o(a, ) and u(0) := ¢-(b, 0) for 6 € ©. It is assumed that ¢ (-, 0) is
strictly isotonic for all 6 € ©, i.e. there isamap ¢, : [[(#),u(0)] x © — [a, b] with

$2(0; (v,0).0) =v, v e I(0),u(®)]. (2.3)



Likewise, there isan inverse ¢; : R x © — R, i.e.forall § € O,
¢1(¢7 (t,0),0) =t, teR. (2.4)

Observe that with (2.3) and (2.4) the structural relationship model from (2.1) can also be expressed

in terms of the c.d.f.s, viz.
F(t) = ¢2_ (G((ﬁl_(tv 0))7 0) = G(t7 0) (25)

Thus, the functionals (1.4) and (1.7) can be considered as special cases of a general class of mini-

mum distance functionals of the form

T(F,G) = d*(F,G:U) = gg(gd2<F,G(-,¢9)) (2.6)

- 52@ { b i 0 /ab (F_l(u) — ¢ (G_l(qbg(u, 0)), 9))2du},

with G(-,0) from (2.5). The use of trimming in (2.6) is often required for technical reasons (cf.

the case of Lehmann alternatives in Remark 2.8), but it also permits to assess the validity of the
model under investigation as restricted to specific regions of interest. This will be illustrated in the

example in section 6.

Remark 2.3 Note that often it might be more suitable to express the discrepancy between F' and

G up to U in terms of a general measure of distance A between c.d.f.s,
A(F,GU) = ;g(gA(F,G(-,H)).

However, for the sake of brevity, we restrict ourselves in this paper to the case A = d (with d from
(1.2)). This choice of A has some practical appeal [35] and is related to the Wasserstein distance
between probability distributions. In the context of goodness-of-fit testing for parametric models in
the one sample case, see [16, 15] and the references given there. Note, however, that all results of
the next section can be immediately transferred to a general A, provided that appropriate smooth-
ness and boundedness assumptions on A and the model class ¢/ as well as certain requirements on

the existence and uniqueness of minimizing values are satisfied.

For a given pair (F, G) of distribution functions we will require the following assumption regarding

the existence of a minimizing value of d(F, G(-,0)).
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Assumption 2.4 1. There exists a minimizing value 6, of d(F, G;u) in the interior of ©. For
each minimizing point 6, there exists a neighborhood ©, C © of 6y, such that 6, is the
unique minimizing value for d(F, G;U) on Oy, i.e.

1 2 )2
6y = argminee@o{m / (F’l(u) — 61 (G Y(o(u, 0)), 9)) du} .
2. If (F,G) € U, then there exists a unique parameter value 6, such that the model relation in

(2.1) holds; hence this value 6, is the unique minimizing point for d(F, G(., 0)).

3. If d(F,G;U) > 0, then the set of minimizing values lies in a compact subset ©, of ©.

Remark 2.5 Under Assumption 2.4 we have that the set of minimizing values
Op = {0 €O : d(F,G;U) =d(F,G(,0))}
is finite.

Finally, we need the following assumptions in order to guarantee suitable smoothness properties

of the distance functional from (2.6).

Assumption 2.6 For the constants p and ¢ from (2.2) and ©; from Assumption 2.4, the functions
¢1 and ¢, are twice continuously differentiable with respect to both arguments on R x ©; and
on [p, q] x ©, respectively. The derivative D;¢, is bounded away from zero on [p, ¢] x ©4. The
continuous densities f of " and g of GG are strictly positive on the intervals [F'~'(p), F''(¢)] and
[G~Y(p), G~ Y(q)], respectively. Further, it holds that G € Cy[p,¢|, i.e. G is twice continuously
differentiable with bounded second derivative on [p, g]. It is assumed that the condition ((9), u(0) €
[p,q], 0 € O, is satisfied, with [(#) and «(0) from Assumption 2.2. Without loss of generality we

will in the following write © for the closure ©, of ;.

We will briefly comment on the above assumptions.

Remark 2.7 Assumption 2.4 is fulfilled for given c.d.f.s F and G and model U, e.g., if
d(F,G(-,0)) is a strictly convex function of 6. This holds for the location, acceleration, and
location-scale model, respectively (for any F,G € F2). Here the (unique) minimizing parame-
ter vector 6, can be calculated explicitly, cf. Remark 4.1.

If Assumptions 2.4.1,2 are satisfied, a set of sufficient conditions for Assumption 2.4.3 is given by
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(@) d(F,G(-,0)) is continuous in 6;
(b) d(F,G(-,0)) — oo as ||0] — oo.

For the model of Lehmann alternatives this would be the case e.g. if G'(1) = oo, i.e. if the support

of the c.d.f. GG is not bounded.

Remark 2.8 For the location model, acceleration model, and the location-scale model the assump-
tions on ¢; and ¢, from Assumption 2.6 are obviously satisfied, even when [p, ¢| = [0, 1]. For the
case of Lehmann alternatives the additional condition 0 < p < ¢ < 1 has to be satisfied in order to
fulfill the requirements on ¢; and ¢, in Assumption 2.6, hence trimming is required in this case.
This condition is also required for the proportional odds model for survival times (cf. [4]), which

is given by

i.e. for which ¢4(¢,0) = t and

B u/(1—u)
02(0.0) = o0+ i —u)

3 Hadamard differentiability of d(-, ;i)

For the definition of Hadamard differentiability and its use in a functional delta method for the
derivation of the asymptotics of statistical functionals we refer to [41, 22, 25]. Further applications

can be found in [42, 45, 43, 50], among others.

In the following we will require several notations. We denote by D[I] the space of right continuous
functions with left limits (cadlag) on a closed interval I C R. Analogously, D _[I] is the space of
left continuous functions with right limits on 1. The space of continuous functions on I is denoted
by C[I]. All function spaces will be equipped with the supremum norm || f|| o := sup,¢; | f(¢)|. For

finite product spaces, e.g.
D[] := (D))" = {f = (f1, .. fi)" : fi € D[, 1 < i <k}

we will use the maximum-supremum norm

Il = s, {sup 501}

vvvv tel



Weak convergence in these spaces will be understood in the sense of [18, 19], i.e. by using the
o-algebra of open balls of the respective space as the underlying o-algebra. The set BV, [p, ¢| is

defined as the subset of D_[p, ¢] with total variation bounded by the constant M/ < oo,

BVuylp,q| = {S e D_[p,q] : /q‘dS(u)‘ < M}

Let

Du[R] := {5 € DIR] : §~ Ty € BVii[p.al}.
and define BVy, ¢[p, q] := BVu[p, q] N Clp, q] and Dys ¢[R] := Dy [R] N C[R]. For a function f :
© — R we denote the vector of derivatives with respect to 6 by Vf(0) = (D1f(0), ..., D, f(0))",

where z” shall denote the transpose of a vector x. The Hessian corresponding to f will be denoted

by V2£(#). We need the following abbreviations,

B0.0) = {Dion(630.0).0)} . vello),u@)], 0 €0,
B(v,0) = Daga(¢5(v,0),0) B(v,0), v el[l(B),uld) o€ O.
Finally, we shall make use of the function ® : © — R,

() = b;“ v (F.G(.0)). (3.1)

the function ® g, s, : © — R,
u(0)
B, 5(0) = — /( 5 (65 (0, 0)) D1by (Sa(v), 6) B(v, 0)dSa () (3.2)
1(O

u(0)
+ /1( $1(82(v), 0) D161 (S2(v), 0) (v, 0)dSa(v)

0)
- /l(:)(e){sl (05 (v,0)) —¢1(S2(v),0) }D2¢1(52(U)> Q)B(% 0)dv,
where (51, S2) € D_[p, ¢| x BVy,[p, q], and of the matrix
Ay :=VP(0), 0 € 0. (3.3)
Note that we have ¢ = ¢ ), Where
Fi=F I Gi=G Ty
We will now present the two main results of this paper, which will be used for the derivation of

weak convergence results of an estimator of d(F, G;U) and for the construction of corresponding
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testing procedures. First, we state the Hadamard differentiability (tangentially to a subspace) of
the functional under investigation, if certain regularity conditions are satisfied. Here we use the
fact that each minimizing value 6 € © of d(F,G(-,0)) will be a zero of its first derivative, i.e.
of the function ® given by (3.1). Thus, we formulate our result in terms of a given zero of &,
assuming that it exists and is well separated from possible other zeros. The second result contains
the quadratic Hadamard differentiability of the functional (cf. Definition 3.3), if additionally the
underlying distribution functions F' and G are related by a structural relationship as defined by U/,
i.e. for the case where (F, G) € U holds.

B Theorem 3.1 Suppose the following assumptions hold for a given interval [p, q| with (2.2).

(1) We have F, G € Dy[R] foran M > 0. The class U is given by (2.1), and the Assumptions 2.2

and 2.6 are satisfied.

(2) There exists a minimizing value 6, of d(F, G;U) according to Assumption 2.4 (and hence a
zero of the function ® in (3.1)) such that ® is locally homeomorphic at 6, and the matrix Ay

in (3.3) is non-singular and bounded for 6 = 6.

Then, there exist for 6, a neighborhood U of (F,G) in D[R] x Dy[R] and a functional

T : D[R] x Dy[R] — R with
T(S1,82) = (51, 82,001 T S5 Tp)) ). (3:4)

where the functional 6 : D_[p,q] x BV y[p,q] — © is defined by Lemma 8.1, for which
0(S1 L, S5 Ip.q) is for every pair (S, Sp) € UN (C[R] x Dirc[R]) azero of &gy soyy
in (3.2), and 6(F, G‘) = 0y. Every functional T with these properties is Hadamard differentiable at

(F,G) tangentially to C*[R], with the derivative given by

Tpcy(h, ho) (3.9)

=3 E a/<F_1(U) — ¢ (G_l(%(% t)), 90)) lﬁl(u)—Dz% (G_1(¢2(u7 to)), QO)TQEIE’@)(]}I, ilz)

—D1¢1(G ™ (¢a(u, b)), 90){?12 (¢2(u, 00)) + G (¢2(u, o)) Do (u, 00)" 0, 7. @)(711, ﬁz)}] du,

7 . _h@FE W) 7 . _ha(GT'(w) ivati Boobo) g
where hy(u) = — =gy he(u) == — 4G5y v € [a.bl, and the derivative 0/ (h1, he) is
given by (8.2).
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Remark 3.2 Note that the functional 7' constructed in Theorem 3.1 is equal to d?(F, G;U) from
(2.6) at the given c.d.f.s (F,G). Itis also equal to d?(S;, Sy;U) at pairs (S;, S2) € UN (C[R] x
Dur,c[R]). At the other points in U the functional is at least "close’ to the corresponding minimum
value of the distance, due to the extension lemma (Lemma 1 of [25]; cf. the proof of Theorem
3.1in Section 8.1). An essential observation is that in case of several minima the properties of the

functional depend to a large extent on the choice of the particular minimizing value 6.

For the statement of the second result we require the map, 7 : BV [p, ¢] — R,

- 1 b 2

1(518) =5— | (Sl(u) - ¢1(52<¢2(u,e(51,s2>>>,9(51,52))) du, (3.6)
where the functional @ is given by Theorem 3.1. Clearly, for S;,S, € Dy[R] the relation-
ship T(S1, S2) = T(S7 Iy, Ss Tjpq) holds. We will use the following definition of quadratic
Hadamard differentiability tangentially to a subspace, which is based on the definition of *second

order p-Hadamard differentiability” in [47].

Definition 3.3 Let V, W be normed spaces. A functional 7" : V — W is called quadratic
Hadamard differentiable at = € V tangentially to the subspace V, C V, if there is a continu-
ous, bilinear functional 7> : Vo xV, — W, such that for all sequences ¢,, — 0 (¢, € R) and
h, — h € Vowith z +t,h, € V,n > 1, it holds that
T -T
lim (x + tnhy) (x)

Here we used the abbreviation 79 (h, h) =: T?(h).

— T (h) = 0. (3.7)

Note that, in contrast to [44], for instance, this definition does not include the (first order) Hadamard
differentiability of the functional. It is suitable especially for ’purely quadratic’ functionals, i.e. for

functionals which can be locally approximated by quadratic functionals.

B Theorem 3.4 If the pair (F,G) € U, and the conditions of Theorem 3.1 are satisfied, then the
functional T is quadratic Hadamard differentiable at (F', ) tangentially to C*[p, q]. The derivative

P2 ;
T( 7o 1S then given by

b
T((?,é)(hla hy) = b i a/a [hl(u) — D21 (G (¢2(u, 0)), eo)ezp@)(hh hs)

— D161 (G Y(¢a(u, 0p)), 00){ G (¢2(u, ) Dap(u, 00)0, 7 ¢y (M1, ha) + ha(d2(u, ‘90))}} 2d“'
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The above results indicate that there are two cases to be distinguished which yield qualitatively
different features of the functional under investigation. Suppose that the conditions of Theorem
3.1 hold. If the Hadamard derivative T(’F’G) is not identically zero, the functional 7" can be approx-
imated by this linear functional in a neighborhood of (£, ). This will be called the regular case
in the following. On the other hand, if a structural relationship according to the model &/ = U, 4,
holds for the given pair (F, ), then the derivative T} ;) vanishes. In this nonregular case we
can deduce from Theorem 3.4 that the functional 7" can be approximated by a quadratic func-
tional, which is defined with help of 7 ) These properties will be used in the next section in the

(F,G
derivation of the large sample behavior of our test statistic.

4  Thetest statistic and itsweak convergence results

In order to use d(F, G;U) as a measure of the goodness-of-fit of a structural relationship model ¢/,
the unknown c.d.f.’s ' and GG have to be estimated properly. In the case of i.i.d. observations as

described in section 2 this can be simply done by the empirical c.d.f., which is given by
1 m
Fn(t) = — ; Xi Iixi<n (4.1)

for the estimation of F’; the estimator G, for G is defined analogously. Smoothed variants of F),,
and G,, would be appropriate, too. Under a more complicated sampling scheme, such as indepen-
dent right censoring, one could use the Kaplan-Meier estimators of the distribution functions. For
the sake of briefness we will only focus on the simplest case of two independent samples of i.i.d.
observations without censoring. Then the Donsker theorem yields the weak convergence of the

empirical processes,

Vi(Fy — F)() == Be(F()),

, (42)
VG = G)() 2 Be(G()),

in D[R], where Bx(-) and B (-) are two independent Brownian Bridges on [0, 1]. Together with the
differentiability properties from section 3, this will be used for deriving the weak convergence of
the estimated discrepancy d(F, G;U) := d(F,,, Gn;U). Here we will have to distinguish between

the two cases according to whether (F, G) € U or not.
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Remark 4.1 Note that for the location, acceleration, and location-scale model the (unique) min-
imum distance estimators § = (", G") with 0 from Theorem 3.1 can be calculated explicitly.
For instance, for the location model we obtain § = - ff(F,;l(u) — G, (u))du. For the lengthy
formulae in case of the location-scale model see [24]. In contrast, for the model of Lehmann al-
ternatives there is no explicit expression for the minimizing parameter value, and there could be
even more than one minimizing value, depending on the underlying distribution functions. Here

the parameter has to be estimated numerically.

4.1 Regular case

The following result holds under the given conditions, no matter if the structural relationship under
investigation is satisfied. However, in case (F, G)) € U it yields a degenerate asymptotic distribu-
tion of our statistic, which cannot be used for practical purposes. For that case we refer to the next

paragraph.

B Theorem 4.2 Assume that the assumptions of Theorem 3.1 are satisfied for the interval [p, q|
and a locally unique minimizing value 6,. Let F,,, and GG,, be two independent empirical estimators
according to (4.1) for F' and G, respectively, and let the independent limits of the respective em-
pirical processes be given by (4.2). T is supposed to be the functional corresponding to 6, given
by Theorem 3.1. Let m A n — oo and n/(m + n) — p for some p € (0,1). Then we have the

convergence in distribution

mmfn (T(F, Gn) = T(F,G)) 2 Lre (4.3)
9 b

- <F_1(U)—¢1(G_l(¢2(%90))790)> XF(U>_D2¢1<G_1(¢2(U7‘90))7‘90)T‘92F7@)<§§F7XG)

— D19i(G(¢2(u, 60)), 90){§§G (¢2(u, 00)) +G' (¢2(u, o)) D22 (u, ‘90>T‘92ﬁ7@)(§§F7 XG)} du,

where

- B ~ B
XF = _\/ﬁfOFF_l’ XG Vi 1_pgog_17

and ) ; -, (X, X¢q) is given by inserting (Xp,Xq) for (hy, hs) in 05 (hi, ho) in (8.2).

Note that the limiting random element L r; is given by a linear functional applied to a zero mean

Gaussian process, hence Ly, is normally distributed with mean 0 and a limiting variance o7
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(provided it exists), which depends on the unknown distribution functions F' and G, the particular

structural relationship model 4, the trimming bounds «, b, and the chosen minimizing value ¢,,.

4.2 Nonregular case

B Theorem 4.3 In addition to the conditions of Theorem 4.2, suppose that (F, G) € U holds, i.e.
T(F,G) = 0. Then we obtain the convergence in distribution

mn

T(Fp,Gn) — L (4.4)
m-+n

1 b
:b—a/a
2

— D191(G™(¢2(u, b)), ‘90){@(652(“7 00)) Daga(u, 0o) sz,@)(xnxa) + Xa(da(u, ‘90))}] du.

Xp(u) = Dag (G~ (d2(u, 0)), o) 05.a (Xr, Xe)

Observe that the limiting random variable L is in this case obtained by applying a quadratic
functional to a mean zero Gaussian process. Thus it is distributed according to a complicated dis-
tribution given by an infinite convolution of scaled and shifted  2-random variables. This limiting
distribution also depends on the unknown distribution functions F' and G, the model ¢/, the trim-

ming bounds a, b, and on the corresponding parameter vector 6.

5 Bootstrap testsand some simulation results

The results of the preceding section provide the means of constructing tests of the validity of the
model ¢/ for the underlying distribution functions F’ and G. The classical formulation of goodness-

of-fit hypotheses would lead to the problem of testing
Hy:d(F,G;U)=0 vs Hyu:d(F,G;U) > 0. (5.1)

Under the null hypothesis H, we have the nonregular case described above, hence an appropri-
ate asymptotic level « test would be given by rejecting Hy if mn/(m+n)d?*(F,,, G,;U) exceeds
the (1—«)-quantile of the distribution of L, (cf. (4.4)). However, this distribution depends on un-
known parameters, and we suggest using a bootstrap approximation of this distribution. To this
end bootstrap versions of the empirical distribution functions have to be calculated from inde-

pendent bootstrap samples X7, ¢ = 1,...,m*, and Y, j = 1,...,n*, from the original samples
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X;,t=1,...,m,and Y}, j =1, ..., n, respectively. Observe that the bootstrap sample sizes have to
be chosen smaller than the original sample sizes, as will be stated in the following theorem, which
gives the justification for the application of the bootstrap method in this case. This is essentially
based on the ideas of [46] and [47] which were formulated for specific Fréchet differentiable func-
tionals. For the definition of the weak consistency of bootstrap approximations we refer to [47].

The conditional distribution, given the original samples, will be denoted by £*.

B Theorem 5.1 Suppose the conditions of Theorem 4.3 are satisfied. Let F. and G.. be boot-
strap versions of F,, and G,,, respectively, where m*,n* — oo, m* = o(m), n* = o(n), and

n*/(m* +n*) — p. Then the sequence of bootstrap distributions

E*[ m <T(F;:L*, G — T(F,, Gn))]

m*4+n*

is weakly consistent for the distribution of the limiting random variable L, from (4.4).

Thus, the (1—«)-quantile of the distribution of L, can be approximated by the empirical (1 — a)-
quantile Tz ,_, from B bootstrap versions T'(F}.,G:.), b = 1,..., B, of T'(F,,, G,,). A test of
the problem (5.1) rejects the null hypothesis at level « if T'(F,, G,,) > Tp1-o. The choice of the
bootstrap sample size in this so-called m-out-of-n bootstrap is a complicated theoretical problem,
see also [8, 7, 30]. A practicable suggestion for the choice of the bootstrap sample size is given in

Paragraph 5.1.2 on the simulation results for this testing problem.

However, in addition to problem (5.1) we suggest to consider the following class of testing prob-

lems for the actual validation of the model ¢/ (cf. also [35]),
Ha :d(F,G;U) > Ay vs  Ka:d(F,G;U) < A,. (5.2)

Here A, is a fixed bound the experimenter is willing to tolerate for the distance between F' and
G up to the model /. Note that this approach automatically yields confidence intervals for d (cf.
section 6). For testing Ha, we need the asymptotic distribution of the estimated discrepancy at
the hypothesis margin, i.e. at d(F, G;U) = A,. Hence, we have the regular case and we can use
the result of section 4.1. Thus, an appropriate asymptotic level « test of H, would amount to
rejecting Ha if /mn/(m + n)(d*(F,., Gn;U) — A2) falls below the a-quantile of the centered

normal distribution with variance ol%ﬂ’G. Since 012;,0 is not known, we suggest using a bootstrap
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approximation of the distribution of L ¢, which is based on the following result. Note that here

we can use the bootstrap sample sizes equal to the original sample sizes.

B Theorem 5.2 Suppose the conditions of Theorem 4.2 hold. Let F, and G be bootstrap ver-

sions of F,,, and G,,, respectively. Then the sequence of bootstrap distributions

mn

L[\ (T G) = T G) |

is weakly consistent for the distribution of the limiting random variable L ¢ from (4.3).

Thus, under the above conditions we can use e.g. the bootstrap percentile (PC) or the bias-corrected
accelerated (BC,) method for testing Ha (cf. [21]). For example, the PC method amounts to
rejecting H at level « if the empirical (1 — «)-quantile 75,_, from B bootstrap versions

T(F:,G:),b=1,..,B,of T(F,,G,) is less than AZ.

m?

Further, instead of simply testing the hypothesis for a pre-specified value of A, we suggest looking
at the whole p-value curve for the problem Ha vs. Ka, i.e. at the plot of the resulting p-values in
dependence on the value of A, (cf. [35]), which can serve as a valuable diagnostic tool in model

checking and in comparing different models.

Remark 5.3 Note that the minimum discrepancy functional d(F, G;U) is not necessarily sym-

metric in F' and GG. Therefore, it is tempting to work with a symmetrized version of it, i.e. with

1
d(F,G;U) = \/§(d2(F,G;Z/I)+d2(G,F;Z/{)). (5.3)
The corresponding weak convergence results and bootstrap tests can readily be obtained from those
for d(F,G;U).
5.1 Simulation results (Testsfor Lehmann’s alternative)
5.1.1 Test of the hypothesis Hx in (5.2)

In the following we present a short study on how well the test of (5.2) with &/ = Fp., (cf. (1.5))
keeps its nominal level. The distribution £ was chosen as the exponential distribution with pa-

rameter 6 = 0.5, i.e. F'(t) = 1 — exp(—0.5¢t). In setting (a), the distribution G was chosen as the
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exponential distribution with parameter 6 = 1.5, shifted by a o > 0, whereas in the other settings,
(b) and (c), G was the Weibull distribution with parameters #; = 1.5 and 6, > 1 in case (b) and
0, < 1 in case (c), respectively (cf. Table 1). The free parameters o and 6, respectively, where
chosen such that a true distance d~ = 1 resulted (cf. (5.3)), thus yielding the margin AZ=1. Note
that for § = 0 and 0, = 1, respectively, the model of Lehmann alternatives would hold, such that
d*> = d2_,(F,G) = 0 (cf. (1.7)). The sample sizes in both groups were m = n = 50, 100, 200,
and trimming bounds [a,b] = [0.05,0.95] and [a,b] = [0.10,0.90] were used. For each setting,
1000 simulations with B = 1000 bootstrap replications were realized, and both the PC and the
BC,bootstrap tests were performed. In Table 1 the resulting empirical levels are presented for the

nominal levels o = 0.05, 0.1.
Table 1: Testof Ha for Frop: A2 =1,d% =1

In the simulation settings described above, the PC test turns out to be rather conservative, whereas
the BC,test is mostly liberal, and sometimes conservative. A stronger trimming improves the PC
test in case (b), whereas in case (c) it becomes even more conservative. The BC,test is in most
cases improved under a stronger trimming, and its overall performance is better than that of the PC

test.

5.1.2 Test of the classical null hypothesis Hy in (5.1)

This test was investigated with respect to maintaining the nominal level for a small selection of
Lehmann’s alternatives in two Weibull distributions W (64, 6,). For F' the parameters ¢, =0.5 and
0, = 1.2,0.6 were chosen, and for G the parameters 6; = 1.5 and ¢, = 1.2,0.6. We considered
sample sizes m = n = 100,200 and trimming bounds [a, b] = [0.05,0.95],[0.1,0.9]. For each

setting, 1000 simulations with B = 1000 bootstrap replications were performed.

The Figures 1 to 3 show the simulated levels of the test for the different settings, in dependence of
the bootstrap sample size m*, for the nominal levels o = 0.05, 0.1. The curves are mostly antitonic,
which was also seen in further simulation studies on other models. For this test a stronger trimming
on both sides (« = 0.1, b = 0.9) yields better results, since in that case the test keeps its nominal
level for almost all values of m*. For an underlying sample size of m = 100 and stronger trimming,

suitable values for m* seem to be around m* = 10.
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However, the choice of the bootstrap sample size given as m* = m was found numerically to

almost always keep the nominal level. Thus, we suggest using this for practical applications.
Figurel: Test of H, for Fr.,: F=W(0.5,1.2), G = W(1.5,1.2), m=100.
Figure2: Test of H, for Fre,: F=W(0.5,1.2), G=W(1.5,1.2), m=200.

Figure 3: Test of H, for Fre,: F=W(0.5,0.6), G=W(1.5,0.6), m=100.

6 A dataexample

In order to illustrate the methods described above, we present an example from the COMPASS
clinical trial on the thrombolytic therapy of acute myocardial infarction [49]. Here a new throm-
bolytic agent, saruplase, was compared with the (former) standard therapy streptokinase. The aim
of the study was to show that saruplase is not relevantly inferior to streptokinase with respect to
the 30-day mortality rate (noninferiority trial; cf. e.g. [20], or [13, 14, 28]). Noninferiority was
then assessed with help of the odds ratio of the 30-day mortality rates in the two groups, which
were found to be 5.7% with saruplase and 6.7% with streptokinase (odds ratio 0.84, p<0.01 for
noninferiority). However, it would be more reliable if the entire estimated survival curves during

the first 30 days would be taken into account instead of the single values at 30 days.

If it was known, in addition, that the hazard functions of the two treatment groups are proportional,
i.e. (1.8) holds, an assessment on the mortality rate as a function of survival time could be per-
formed with help of an estimate of the proportionality factor # from (1.8) (cf. e.g. [10]). Likewise,
under the assumption of accelerated failure times between the two groups (cf. Example 1.1), non-
inferiority could be assessed with help of an estimate of the acceleration constant o. Hence, our

aim is to investigate now whether one of these models is appropriate.

In Figure 4 the Kaplan-Meier estimates of the survival functions are displayed for the two treat-
ments throughout the whole follow-up period of 1 year. In Figure 5 the estimated hazard functions
are displayed for the two treatment groups from this trial. (The two curves were obtained with help
of the kernel estimator presented in [34], using a fixed bandwidth of 55.) The corresponding esti-
mated hazard ratio curve is displayed in Figure 6. Note that for these data the proportional hazards

(ph) model seems not to be appropriate for the period of 1 year.
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Figure 4: Estimated survival functions for saruplase (—) and streptokinase (- -) from the COM-
PASS trial.

Figure 5. Estimated hazard functions for saruplase (—) and streptokinase (- -) from the COM-
PASS trial (bandwidth=55).

Figure 6: Estimated hazard ratio curve from the COMPASS trial. The dashed line marks the

estimated constant hazard ratio (5, = 1.02) obtained from the ph model.

However, we will now focus on a comparison of the two curves only over the period of the first 30
days as it was the initial goal of the COMPASS trial. Note that, since our model validation method
relies on the comparison of quantile functions, we have to specify an according range of quantiles
(the trimming interval [a, b]) for which we want to assess the fit of the model. From previous
information on the standard treatment streptokinase it was known that the 30 days mortality rate
is about 0.067. Therefore, we choose three different right trimming bounds near that estimate, i.e.
b = 0.05, 0.06, 0.07. Further, in order to assess the effect of trimming on the left side, we compare
three different values of that boundary, i.e. a = 0, 0.001, 0.005. We compare the fit of two different

models, i.e. that of the acceleration model and that of the ph model.

Figures 7 and 8 show the p-value curves for the PC and the BC,test of the acceleration model
and of the ph model, respectively. Note that an upper (1 —«)-confidence bound for the distance
to the model’, d, can be read off as the cut-point of the p-value curve with the line p = «. This

corresponds to the smallest value of A, for which the test of H A would yield a significant result.

Figure 7: P-value curves for PC and BC,tests of the acceleration model for the COMPASS data
(a=0.00).

Figure 8: P-value curves for PC and BC,tests of the ph model for the COMPASS data (a=0.00).

In agreement with the simulation results from section 5, the BC ,test yields smaller upper confi-
dence bounds for d. However, the comparison of the two models gives the same results with both
bootstrap methods. Here we show only the results for a = 0, since slight trimming on the left side
does not show a noticeable effect. On the other hand, the choice of the trimming bound b does
have a strong impact on the resulting p-value curves, as was to be expected from Figures 4 to 6.
When using b = 0.05, the acceleration model produces a better fit than the ph model, whereas for

b = 0.06 or 0.07 the ph model seems to be better. Overall, less trimming on the right tail results
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in larger upper confidence bounds d, and for b = 0.07 both models yield already a very bad fit.
In addition, when applying the tests of the corresponding null hypotheses H,, highly significant
results (p<0.001) are obtained for each choice of the trimming bounds, which underlines the rather

bad fit of both models to the data even for short time periods of about 30 days.

In summary, for this data example we do not get clear evidence in favour of one of the models
under investigation. Rather it seems to be worthwhile to apply purely nonparametric methods for

the comparison of the whole survivor curves in this case.

/ Remarksand extensions

The findings of this paper for two independent samples can be generalized to the k-sample case
with distributions £, i = 1, ..., k, as follows. For checking whether all pairs (£, F;) belong to the

model i, the distance d(F, G;U) can be replaced by the ’sum’ of pairwise distances,

k 1
) e 1 2 . ’
d(Fy, ..., FlUd) = {k(k 5 Z d (FZ,F],Z/{)} :
1,7=1,i#j
Thus, the asymptotic properties of d(F1, ..., Fi;U) can be immediately derived from those of the

d(F;, F;;U). Observe that this distance is symmetric with respect to the ordering of the F', ..., F}.

The case of multivariate outcomes with marginals F7, ..., F}, can be treated in a similar way. Here
results on the weak convergence of the multivariate empirical process have to be combined with
those on the Hadamard differentiability on D0, 1]* (cf. [43]).

Further, our results can readily be extended to the case of independent randomly right censored
data. This follows immediately from the Hadamard differentiability results obtained above and
from the weak convergence of the corresponding product limit processes and from the validity of

the bootstrap approximation of these processes (cf. e.g. [3]).

8 Appendix

8.1 Proofsof theresultsin section 3

Proof of Theorem 3.1:
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We will investigate the functional 7" from (3.4) by viewing it as the composition of several partial

mappings and handling these separately.

(F,G) 25 (B.G) <FG€( é)) (8.1)
s, bi@/{ — 01 G (@a(u, O(F, G))),@(F,G))}Qdu

Under the conditions of the theorem the map ¢, is Hadamard differentiable at (F', G) tangentially
to C*[R] (cf. Lemma 3.9.23 in [50]), with the derivative

hioF™' hyoG™!
7vbi(F,G)(hl’ h2) - _I[P7Q] (F/ o F-1V o Gl)

We will examine the maps ¢, and 15 in the following Lemmata 8.1 and 8.2. For the investigation

of v, it is sufficient to consider the component mapping 6.

Lemma 8.1 Under the conditions of Theorem 3.1 there exist for the local minimizing value 6,
a neighborhood U of (F,G) in D[R] x Dy[R] and a map 6 : D_[p,q] x BV [p,q] — © with
0(F,G) = 6, and

Do s ) (e(sl—lfb,ﬂ], 52—11[p,q])) — 0 forall (S;,S) € UN (C[R] x Dy.c[R])

where the map ® (ST 55 1, IS given by (3.2), such that § is Hadamard differentiable at (F, G

tangentially to C*[p, q|, with the derivative
0,7y (1. h2) (8.2)

u(6p) 5 B B
= Ag_ol{ / [fh (03 (v,60)) — D11 (G(v),6o) hz(”)] D1¢1(G(v),60) B(v,60) dG(v)

1(60)

u(fo) - B B B

+/ | _F(¢2_(U,90)> — ¢ (G(U),eo)]D11¢1(G(U),90)@(”)5(”,90) dG(v)
u(®o)  _ - ~

+/ _F<¢2_(U7 0o)) — ¢1(G(v), 90)] D161 (G(v),60)5(v, 6p) dhy(v)

o)
u(fo) - ~ - ~
+/l( _hl (63 (v,600)) — D11 (G(v), 90)@(”)] D1 (G(v),60) B(v, ) dv

u(fo) - B ~ ~ ~
+/1( _F(¢2_(Ua 00)) — 01(G(v), 6’0)]D12¢1(G(v), 6o) ha(v)5(v, 6o) d“}-

Note that the above expression is defined via partial integration, if the function h4 is not of finite

variation.
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Proof of Lemma 8.1:
The (yet unknown) map 6 can be formally written as a composition of two functionals, where we

restrict ourselves for the moment to continuous arguments,

9 : C[p7 q] X BVM,C[pa Q] - 97 0(51752) = ¢4O¢3(Sl,52),
¢s: Clp,ql x BVarclp, gl — C'0],  65(S1,9)() = Bs.(), (8.3)
9254 . Cl[@] — @, ¢4(S) = Z(S)

Here Z : C'[0] — © with f(Z(f)) = 0, f € V, denotes a Z-functional, where V is a certain
neighborhood of ® from (3.1), and we have Z(gbg(F, G)) = 6. The existence of this functional
will be ascertained below with help of Theorem 1.4.2 in [45] (cf. the investigation of the map ¢4

further on). First, however, we will consider the map ¢;.

() Investigation of the map ¢s:

We shall in the following show that the map ¢ is Hadamard differentiable at (', G) tangentially
to C*[p, q]. According to (3.2), ¢3 is given by

u(-)
03(S1, S0)() = — /l( | S3(63 0. ) Din(S:0), )3 S0 (8.4)

u(-)
T / 61(S5(0), ) Drbr (Sa(v), ) B(v, )dSa(v)
1)

a() ~
_/l(.) {Sl(cbr;(v,-)) _¢1(52(v),-)}D2¢1(S2(U),.)ﬁ(v’,)dv
=: I,(S1,82)(-) + Io(S2)(+) 4 I5(Sy, S2) (-).

Analogous to the function spaces defined in section 3, we will consider the space C' [[p, q] x @}
of bounded and continuous, R’-valued functions on [p, q] x ©, equipped with the supremum norm,

denoted by || f{|cc,00 = SUDyefp.q, 0c0 | f(v,0)],, where |z], := max{[z;| : i = 1,...,1} for z € R,

The map I, : Clp, q] x BVy,¢[p, q] — C'[O] from (8.4) is decomposed into the following maps,
u(-)
(51752)—>(7051>52)—>(7051>77052752)—>/ Y051 (v, ) oSz (v, ) dSa(v),
1)

where

v Clp.ql —Cllp.al x©],  ~(S)(v,0) :=—50¢;(v,0);
n: BVM7C[p> q] - Cl[[ vQ] X @]7 77(5)(2},9) = Dl¢1(S(U)>0) ﬁ(v,@)
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We shall show first the Fréchet differentiability of v and n, then we will investigate the integral
operator. The map  is linear and continuous, hence it is Fréchet differentiable at S = F', with the

derivative 7% (h1) = —hy o ¢, . For the investigation of 7 it is sufficient to consider the map
k:BVyclp, gl = Cllp, gl X 8], k(S)(v,0) = D11 (S(v),0),

since 3 is simply a fixed, bounded factor in C' [[ ,q] X @} according to the assumptions of Theorem

3.1. The derivative of x at S = G is given by
Iilé(hg)(v, (9) == D11¢1 (é(v), 0) hg(’U).
To verify the differentiability of «, note that

Hn(é + ho) — ’f(é) - ﬂ/@(hﬂHm,m

- eﬁﬁ%e@ D1¢1 (G(v) + ha(v),0) — D11 (G(v),0) — D111 (G(v), 0) ha(v)

=  sup Ih1¢1(éwv)%—gﬁgﬁ)hgﬁﬁ,ﬁ)hgﬁv)——£h1¢1«§00,0)h2@0’
vE[p,q],0€0

< E{su]%eg D1161(G(v) + &(v,0)ha(v), 6) — D11¢1(G(U)79>’ 12l

= 0(1) O([[halc) = o([[h2llsc),  [IR2flec =0,

using assumption (1) from Theorem 3.1. In the second equality we applied the mean value theorem
(0<¢(v,0)<1,ve[pqlbe0)

Now we consider the integral operator

1:C'[p,q] x ©] x BVaclp.q] — C'[O], I(S1,S5)( 51 ) dSy(v).  (8.5)
()

Under the assumptions of Theorem 3.1, the integrands of the maps 7, and I, in (8.4) are each of
bounded total variation at (S, S,) = (F,G) and S, = G, respectively; without loss of generality
they are bounded by M from Theorem 3.1. In the following we will show the map I in (8.5) to
be Hadamard differentiable tangentially to C'[[p, g] x ©] x Cl[p, ¢] at each (51, S5) € C'[[p, q] x
©] x BVyc[p, ], for which | J71dS: (v, 0)] |, < M, 6 € ©, holds. The derivative is given by

u(-)
]('31732)(;11, hy)(+) = /() hi(v,-) dSa(v " Sl -) dho(v),
(-
where the right-hand side is defined by partial integration in case h, is not of bounded variation.

To this end we define sequences {t,} C R*, {h1,} C C'[[p,q] x ©], and {ha,} C BV c[p, q],
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where t, — 0, hy,, — hy €C'[[p, ] han — ha €Clp, q] for n — oo, and Sy, = Sk + tnhin,

q] %

k = 1,2, for which (S}, Sa,) € [
(Slm 5271) I(Sl7 52)

t

n

] x ©] x BVy,c[p, ¢] holds. Then we have to show that

R, =

- 1551,52)(]11”7 h2n) — 0.

n— o0

First, we obtain with the triangle inequality,

u(0)
IRl = 10| [ (0, 6)tudhn )
0o 1 .Ji(9) !

l

u(6)
< sup/l( hl(“>9)(d52n(v)_d52(v))‘

oco | Jyo)

+ /u(e)(h (1,0) — hy (v, 0)) (dSan (v) — dSa( ))‘ (8.6)
su 1n\U, V) — (v, 2n\V) — @o2(V . .
eeg 1(6) !

For the second term in (8.6) we get

u(®)
22(19) ‘/ hm (v,0) — hy(v, 8)) (dS%( ) — dSs(v ‘ < 2M suthln — thoom — 0.
For the first term of the right-hand side of (8.6) we show the convergence to zero for each co-
ordinate of this vector. Since we have h, € C! [[p, q] x @}, it follows for the i*” coordinate that
h1, €C|[p, q] x ©]. For this continuous function on R*™!, there is for each ¢ > 0 a simple function
hi, of the form hg (-,-) = Zjv Lo 1g, (-, -), where NV, is a positive integer, the R; are rectangles in

R, and the o; € R, such that ||y, — A ||ec,0 < € holds (cf. [36], p. 1288). We obtain

sup ‘ /u(e)hli (v,0)(dSan(v) — ng(v))‘

0cO

< sup )/("(9 hi, (v, )) (dSQn(U) - dSz(U))‘

0cO

gl [ e ot i)

0cO

ha, (0, 0) — K (0,0) Oo’oo(/p \ngn(v)|+/pq|dSQ(v)\)

q
+5up (2085, 6) ol Sen = Sl + 1520 = Selo || b (0,6)]
p

< 25M+4N max }O[JH‘SQH_SQH — 2eM.

1<j<N. n—o0

IA

Since e can be chosen arbitrarily small, the convergence to zero of the left-hand side follows for

n — oo. (For similar proofs for the differentiability of integral operators cf. also [43], [25] and
[50].)

25



Now, the map I, from (8.4) can be treated analogously to 7;. These 2 maps differ only in the first
factor of the integrand, and that of 7, can obviously be handled in the same way as the above map
7. For the map I3 we are left to investigate the factor Dy, (S5(¢), -). This can be done similarly to

the proof of the differentiability of » (because of assumption (1) from Theorem 3.1).

Overall, this yields the Hadamard derivative of ¢5 at (F, G) as

Again, if hy is not of bounded variation, then the last expression is defined via partial integration.

(i) Investigation of the map ¢, from (8.3):

For the map ¢, in (8.3) we can apply the Theorem 1.4.2 from [45]. The criterion function & (cf.
(3.1)) can be written with help of the map ¢3 from (8.4),

®:0 =R, 00)=¢3(F.G)(0).

Under the assumptions of Theorem 3.1 we have ® € C'[©]. From the Theorem of Rieder we get for
maps from C'[©] in a neighborhood V of @ a functional Z with Z(®) = 6, and f(Z(f)) = 0 for
f € V. This functional Z is Hadamard differentiable at ® tangentially to C'[©], with the derivative

Z</I>(h’) = _Agolh(eo)a h e Cl[@]>

where Ay, is given by inserting 6 = 6, into Ay from (3.3). Because of the Hadamard differentia-
bility (and thus continuity) of the map ¢s3, there is a neighborhood U’ C C[p, q] x BV c[p, q]
of (F,G), such that ®(s, s,) = ¢3(S1,Ss) € V forall (S;,S:) € U'. For these (Sy, S,) € U/, let
the map 6 be defined as 6(51, S2) = Z(P(s,,s,)). Thus, ¢ is Hadamard differentiable at (F,G)
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tangentially to C*[p, ¢|, with the derivative

05y hnha) = 6 o 0dh . (hiha) = =Agl-{ b (hho) 0 0(F.G) . (B7)

$3(F,G)
Furthermore, it follows from Lemma 1 of [25] that there exists an extension of the map 6 onto

D_[p, q] x BV y[p, ¢, such that ¢ is Hadamard differentiable at (F,G) tangentially to C?[p, ql,

with the derivative (8.7). In order to conclude the proof of Lemma 8.1, define the set

U= {(fbgl) € D_[p,q] x BVuIp, ] ‘ 3(fo, 92) €U’
|09 = (B, O, < [1(for02) = (F.G)]. }-
Then, because of the Hadamard differentiability of v); from (8.1), there is also a neighborhood

U of (F, G) in D[R] x D[R], such that (S I, . S5 Tpg) € U” forall (51, S2) € U. Thus, the

assertion of Lemma 8.1 is shown. O

For completing the proof of Theorem 3.1 it remains to show the Hadamard differentiability of the

map 3 from the composition (8.1) of the functional 7'.

Lemma 8.2 Under the conditions of Theorem 3.1, the map 15 : D?[p,q] x © — R,

1 b

Ua(S1, 82,0) = T— {Sl(u) — 61 (Sa (a1, 0)),6) }2du,

is Hadamard differentiable at (F', G, 6,) tangentially to D_[p, q] x Cl[p, q] x ©, with the derivative

¢é(ﬁ?é?00)(h17 h’27 h’3) (88)

~ E a/XF(“)_@(G(@(%90))>90)) {hl(u)—Dﬂl(é(@(ua90)),90)Th3

— D161 (F(6a(u,00)), 80) { o (02(u,0)) + S;(¢2<u,%))sz(u,eo)%g}]du.

Proof of Lemma 8.2:
We split ¢ into suitable partial maps as follows,
(S1,52,6) % (S1, 55,8, b, 0) [1agy () —2 (1, 2 © [62(-, )Ly ()], 6)
3
— (S, 010 (820 [ha(-,0) 10 (-)], 0))
w1 2
o [ {51001 (Su(0a(.0).0) }
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The maps 3,3, 13 can even be shown to be Fréchet differentiable, along similar lines as in the
treatment of the map « in the proof of Lemma 8.1. For the investigation of the map 2, we define

the set
T :={f|f:[a,b] — [p,ql, f(-) continuous}

and the map

¢2:D_[p,q] xT —D.[p,q],  $2(S1,5) == 5105,
In the following we will show that ¢, is Hadamard differentiable at (G, oo+, Go)l[a,b}(-)) tangen-

tially to Clp, q] x 7.

Under the assumptions for G, the inverse G =: S, is continuously differentiable on the interval
[p, ql. Further, for Sy(-) := ¢a(-,00) 14 (-) We have under the assumptions for ¢,, that S, € T
holds. The Gateaux derivative of ¢, at (S;, S») is given by

QE/Q(SI,SQ)(hh h2) - (S{ © 52) h2 + hl e} SQ.

Now we have to show that for each real ¢,, — 0 and for each sequence (hy, , ho,) iND_[p,q] x T
with (A1, ha,) ™3 (hy, hy) € Clp, q] x T, n — oo, and Sy + t,hy, € T, Vn, it holds that

(,52((517 Sa) +tn(ha,, ha,)) — 652(517 Ss) (808 ha + By o S (8.9)

tTL n— oo

For the left-hand side of (8.9) we obtain

$2((S1,S2) + tu(h,, ha,)) — $2(S1, So)
ty
_ Sio(S+ tnthzn) T o (S 4 tuha,)

- (Si O gn) hgn + hln o (SQ + tnhgn),

where &, is a function in 7 with Sy(u) < &,(u) < Se(u) + tphs, (u), u € [a,b]. Thus we have

lI-lloo

&, — Sa. According to the assumptions, the function S is continuous and thus uniformly con-

tinuous on [p, q|, thus we have
S0, 1% 808, n— .
Since hy € C|p, ¢], the function h; is uniformly continuous on [p, ¢]. We obtain
|1, o (S2 + tnha,) — h1 0 Ss|
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S thn O (Sg + tnhgn) — hl e} (Sg + tnh2n)||oo -+ th e} (Sg + tnhgn) — h1 O SQHOO
= |h1, = halleo + sup |ha(Sa(u) + tuhs, (w)) = hi(Ss(u))| — 0,

u€la,b] e

using the properties of the sequence (hy,, hs, ).

With help of the chain rule for Hadamard differentiability we get the expression (8.8) for the

Hadamard derivative of 3, thus Lemma 8.2 is proved. O

Now we return to the proof of Theorem 3.1. Overall we can conclude the Hadamard differentia-
bility of the map 7 given by (3.4), with # from Lemma 8.1, at (¥, G) tangentially to C*[R]. Using

the decomposition (8.1), the Hadamard derivative of 7" at (F, G) can be calculated as

Tirc) (b1, ho) = 9 3(rotrmc) Wy ) © Vi) (s h2),

thus yielding the expression (3.5) and completing the proof of Theorem 3.1. O

Proof of Theorem 3.4:

With the component maps ¢, and 5 of T (cf. (8.1)) we have T = 3 o 1, (cf. (3.6)). Thus,
under the assumptions of the theorem and using the results from the proof of Theorem 3.1 we get
immediately the Hadamard differentiability of 7" tangentially to C?[p, q]. However, because of the
condition (F, G) € U, the derivative of T vanishes at (F, G), i.e. T(’F,é) = 0. We use the notations
F, = F +tyhin, Gy = G+ tyhon, 0, := 0(F,, G,), and ¢ := ;. For the left-hand side of (3.7)

in the definition of quadratic Hadamard differentiability we obtain

T(Fmén) ~( G) T(%) a ( n(hlm h2n))

C b
a

(0 + tahnaa) = 61 (G(6(0,60)) + a0, 01)).0,) )
(0] = Dt (Gl ) 001 0P )
= D161 (G(a(u,60)), ) { tahan (02, 60)

(8.10)

+G'(¢2(u 00)) D22 (u, 00)0; (F,G) ( n(hln,hm))}) du.

Now we shall make use of the Hadamard differentiability at (7, G), tangentially to C?[p, q], of the
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map H : D*[p,q] — D_[p, ql,

H(F,G)(u) == ¢:1(G(d2(u, 0(F, G))), O(F, G)).

This follows from the Hadamard differentiability of the map ¢ (cf. Lemma 8.1) and from that of
the partial maps ¢1 to 13 of ¢3 (cf. Lemma 8.2). The Gateaux derivative of H at (F,G)is

H . oy (hy, ho) (u

)= D2¢1(G(¢2(u700))790)8213‘7@)(0117h2))
—D161(G(6a(u, 60)), eo>{é'<¢2<u, 00)) Daa(, 60)6) 7. (I, hz)) + (a1, 60)) }.

We denote H := H(F, G)and H, := H(F, ). Thus, we can write the expression (8.10) as

c b

2
tTL a

<F(u) — Hy(u) + tyhin(u ) (t hnn(w) = Hig c (ta(han, han)) (u))2] du.

Further calculations yield (using the equality F'(u) = H(F, G)(u), since (F,G) € U),

b

vy [(H(U) — H,(u) + tnhm(u))2 — <tnh1n(u) — H{z. & (ta(l1n, h2n) (u))2] du

n a

S [(mm —~ Hn(u)) + 2(H (u) — Hp(u))tnhn(u)

- <HEF G) (tn(Pin, hon)) (U)) + QHEFG (tn(h1n, han)) (u)tnhln(u)] du

b

_e [2tnh1n(u) (H() ~ Holw) + Hip g (b ) ()

n a

+(H(u)—Hn(u)—H(’Ré)(tn(hln,hgn))(u))(H(u)—H( )+HEFG( (hln,hgn))(U))] du
_ < [ (0w - o w) + Hp ) (ta(han, haw)) ()
Tl )

<H(u)—H (u) — HEFG (tn(hin, han)) (u)+2tnh1n(u))]du.

The absolute value of the above expression can be bounded by
t2 HH —H - H(FG ( ”(hlm h%)) Hoo

. / {‘Hn(u)—H( ) H{FG (n(hln,hgn ‘+2t ‘H, hln,hgn)( )—i—hln(u)‘]du

- t%-o(tn) -O(tn) = o(1),

n
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due to the Hadamard differentiability of 4 and the boundedness of the second summand in the

above integral on [a, b] for ¢,, — 0. This proves the assertion of the theorem. O

8.2 Proofsof theresultsin section 4

Proof of Theorem 4.2
The assertion of the theorem follows from the Hadamard differentiability of the functional 7°
tangentially to C*[R] as shown in section 8.1, together with the functional delta method according

to theorem 3 in [25]. O

Proof of Theorem 4.3:
A functional delta method based on quadratic Hadamard differentiability as defined in Definition
3.3 can be proved along the lines of the proof of theorem 3 in [25]. Thus, the assertion of the

theorem follows together with Theorem 3.4. O

8.3 Proofsof theresultsin section 5

Proof of Theorem 5.1:

Under the assumptions of the theorem the map 7 is quadratic Hadamard differentiable at (F, G).
The assertion of the theorem follows then from a functional delta method for the bootstrap of
quadratic Hadamard differentiable functionals which can be stated as follows.

Suppose the map 7" : V — R is measurable and quadratic Hadamard differentiable at F'. Let
n,m € Nwith n,m — oo and m = o(n). Assume further that there are two sequences {F,,} and

{F*} of random elements in V, with
n'/2(F, — F) L2 X, n- o,
m2(F: — F,) =X, as., n,m— oo,
where 'a.s.” stands for *almost surely, given F,,’. Let £(X) denote the distribution of a random

element X € V, and £*(X) be the conditional distribution of X, given F,,. We write pp for the
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Prohorov metric for probability measures. Then we have for n, m — oo,

pr (L1 In(T(Fy) = T(E)], LT (X)]) 0. (8.11)

We follow the pattern of the proof of theorem 5 in [25]. The theorem of Skorohod, Dudley und
Wichura (cf. [48], Corollary 2.3.1) yields a sequence F! 2 F, withn'/?(F! — F) M x a.s.,n —

oo, where X/ 2 X. For the bootstrap sample or F¥, respectively, we get
m'A(F: - F)) =X a.s., n,m — .

A second application of the theorem of Skorohod, Dudley und Wichura permits the construction
of a sequence £/ 2 F* for the given sequence F”, with m*2(F* — F') "= X* 4.5, n,m — oo,

. D .
where again we have X* = X. Now, since we have chosen m = o(n),

mAE — F) = m(Fy — Fy)+m(F, — F)

= m"*(F; —F)+ 4/ Tnl/Q(Fé — F)I% X s, n,m— .
n
Using the quadratic Hadamard differentiability of the functional 7", we obtain

m(T(F,) = T(F,)) = m(T(F;)—T(F)) - %n (T(F,) = T(F))

= T£(X*) +o0p(1) a.s., m,m — oo.
For a fixed F, we have from £/ Z E the equality in distribution
m (T(Fy)) = T(F,)) 2 m (T(F;) = T(F,)).

such that
m (T(F;) —T(F))) N T2 (X) a.s., n,m— .

Thus, with n, m — oo we get

pr (LT () = T(E))L LI (X)) — 0 as.

The left-hand side is a measurable function of £ 2 F;,, thus we obtain the weak consistency

(8.11) of the bootstrap as required. O
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Proof of Theorem 5.2;
The assertion of the theorem follows from the Theorem 3.1 and the functional delta method

for the bootstrap method for Hadamard differentiable functionals according to theorem 5 in [25]. O
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Table 1: Test of Ha for Frep: A2 =1,d> =1

a=0.05b=095| a=0.10, b= 0.90
True functions F and G m = n | Bootstrap @ @
Method 0.05 0.10 0.05 0.10

50 PC 0.023 0.056 0.033 0.067

(a) BC, 0.071 0.126 0.054 0.109
100 PC 0.027 0.068 0.035 0.067

F(t) =1—e 05, BC, 0.062 0.103 0.045 0.096
Gt)=1—e 1509 50| 200 PC 0.032 0.070 0.023 0.053
BC, 0.053 0.096 0.038 0.082

50 PC 0.022 0.047 0.047 0.103

(b) BC, 0.036 0.063 0.058 0.120
100 PC 0.030 0.062 0.055 0.093

F(t)=1—¢ 0, BC, 0.045 0.086 0.056 0.106
Gt)=1—e15" 6,>1 | 200 PC 0.016 0.042 0.054 0.112
BC, 0.030 0.059 0.067 0.124

50 PC 0.048 0.080 0.018 0.030

(c) BC, 0.116 0.153 0.043 0.077
100 PC 0.037 0.065 0.008 0.022

F(t)=1—e 05, BC, 0.082 0.126 0.042 0.094
Gt)=1—e15" g, <1 | 200 PC 0.033 0.075 0.013 0.028
BC, 0.080 0.157 0.055 0.093
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Level Level
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[@b]=[0.050.95 -—-—- [a,b]=[0.1,0.9] [@bl=[0.050.95 --—--- [a,b]=[0.1,0.9]
Figure 1: Test of H, for Fp.,: F=W(0.5,1.2), G = W(1.5,1.2), m=100
Level Level
1.0 1.0
0.81 0.8
061 061
041 041
0.2 — 0.2 M
ool T
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
m" m"
[@b]=[0.050.95 -—-—- [a.b]=[0.1,0.9] [abl=[0.050.95] ----- [2,b]=[0.1,0.9]
Figure 2: Test of H, for Fp.,: F=W(0.5,1.2), G=W(1.5,1.2), m=200
Level Level
1.0 1.0
081 0.8
061 061
0.41 0.41
021 021
Nmme=s=msan === " s e
0 10 20 30 40 50 60 70 8 90 100 0 10 20 30 40 50 60 70 80 90 100
m* m*
[@b]=[0.050.95 -—-—- [a,b]=[0.1,0.9] [@bl=[0.050.95 --—--- [a,b]=[0.1,0.9]

Figure 3: Test of H, for Fp.,: F=W(0.5,0.6), G=W(1.5,0.6), m=100
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Figure 4: Estimated survival functions for saruplase (—) and streptokinase (- -) from the COM-

PASS trial.
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Figure 5: Estimated hazard functions for saruplase (—) and streptokinase (- -) from the COM-

PASS trial (bandwidth=>55).
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Figure 6: Estimated hazard ratio curve from the COMPASS trial. The dashed line marks the esti-

mated constant hazard ratio (4, = 1.02) obtained from the ph model.
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Figure 7: P-value curves for PC and BC,tests of the acceleration model for the COMPASS data

(a=0.00).
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Figure 8: P-value curves for PC and BC,tests of the ph model for the COMPASS data (a=0.00).
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