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Abstract: Kiefer and Wolfowitz (1976) showed that if F' is a strictly
curved concave distribution function (corresponding to a strictly mono-
tone density f), then the Maximum Likelihood Estimator ﬁn, which is,
in fact, the least concave majorant of the empirical distribution function
F,,, differs from the empirical distribution function in the uniform norm
by no more than a constant times (Tf1 log n)2/3 almost surely. We re-
view their result and give an updated version of their proof. We prove a
comparable theorem for the class of distributions functions F' with con-
vex decreasing densities f, but with the maximum likelihood estimator
F,, of F replaced by the least squares estimator F,,: if X1,...,X,, are
sampled from a distribution function F' with strictly convex density f,
then the least squares estimator F, of F' and the empirical distribution
function F,, differ in the uniform norm by no more than a constant times
(n"tlog n)3/ 5 almost surely. The proofs rely on bounds on the interpola-
tion error for complete spline interpolation due to Hall (1968), Hall and
Meyer (1976), building on earlier work by Birkhoff and de Boor (1964).
These results, which are crucial for the developments here, are all nicely
summarized and exposited in de Boor (2001).

1. Introduction: the monotone case

Suppose that Xi,..., X, are i.i.d. with monotone decreasing density f on
(0,00). Then the maximum likelihood estimator f,, of f is the well-known
Grenander estimator: i.e. the left-derivative of the least concave majorant
ﬁn of the empirical distribution function F,.

In the context of estimating a decreasing density f so that the correspond-
ing distribution function F is concave, Marshall (1970) showed that F), sat-
isfies | Fy, — F|| < |[F,, — F|| so that we automatically have /n|F, — F| <
Vn||F, — F|| = Op(1). Kiefer and Wolfowitz (1976) sharpened this by
proving the following theorem under strict monotonicity of f (and conse-
quent strict concavity of F'). Let a1(F) = inf{t : F(t) = 1}, and write
9]l = suPg<t<ay (r) l9(2)]-
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Balabdaoui and Wellner/A Kiefer-Wolfowitz theorem 2
Theorem 1.1 (Kiefer - Wolfowitz, 1976). If a1 (F) < oo,

Pu(F)= inf (—f(t)/f*(1) >0,

0<t<ay(F)

M(F) = suPgcica, (r) (—f' (1)) infocica, (r) F2(t) < 00, and f' is continu-
ous on [0, a1 (F)], then

Hﬁn ~F,||=0((n"! logn)2/3) almost surely. (1)

Although Kiefer and Wolfowitz did not formulate their result in this way,
the statement above follows from their proof. Also note that (1) implies that

V||, = F,|l = O(n~Y%(logn)??) — 0

almost surely, so that the MLE F,, and the empirical distribution are asymp-
totically equivalent under the hypotheses of Theorem 1.

Kiefer and Wolfowitz (1976) used Theorem 1.1 to show that the MLE
F\n of F' in the class of concave distributions is an asymptotically minimax
estimator of F.

It follows from the rather general theorem of Millar (1979) that the em-
pirical distribution function F,, remains asymptotically minimax in a wide
range of problems involving shape- constrained families of d.f.’s F. In partic-
ular, for the classes Fj, of distribution functions corresponding k—monotones
densities, it follows from Millar (1979) that the empirical distribution func-
tion F,, is asymptotically minimax for estimation of F' even in the smaller
classes Fi. The interesting question which has not been addressed concerns
asymptotic minimaxity of the MLE’s within these classes. Our goal in this
paper is to make some headway toward answering these questions by giv-
ing a partial (and imperfect) analogue of Theorem 1.1 in the case of Fa,
the class of distribution functions corresponding to the class of decreasing
and convex densities. The MLE and least squares estimators of a density f
corresponding to F' € F have been studied by Groeneboom, Jongbloed and
Wellner (2001b), and those results will provide an important starting point
here.

In fact, we will not study the MLE, but its natural surrogate, the least
squares estimator. This is because of the lack of a complete analogue of
Marshall’s lemma for the MLE in the convex case, while we do have such
an analogue for the least squares estimator; see Diimbgen, Rufibach and
Wellner (2006).

One view of the Kiefer - Wolfowitz result (1.1) is that it is driven by the
(family of) corresponding local results, as follows:

Theorem 1.2 (Local process convergence, monotone case) Suppose that ty €
(0,00) is fixred with with f(to) > 0 and f'(ty) <0, and f and f' continuous
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i a netghborhood of tyg. Then
n?3(Ey(to +n~3t) — Fp(to + n~31))
2 1/3
= ol - a0 £ (20 (e - v - ) 2

in (D[-K, K], ||-||) for every K > 0 where Y1(t) = \/f(to)W (£)+(1/2) f' (to)t>
= bW (t) —ct?® for W a standard two-sided Bmwnwn motion pmcess starting
from 0, Cy. is the Least Concave Majorant of Y1, C = Cy1 is the least

concave majorant of W(t) —t2, and a = ([f’(to)]g/(4f(t0)))l/3-

The (one-dimensional) special case of (2) with ¢ = 0 is due to Wang
(1994), while the complete result is given by Kulikov and Lopuhaé (2006).

Here the logarithmic term on the right side of (1) reflects the cost of
transferring the family of (in distribution) local result to an (almost sure)
global result. Here is a heuristic proof of (2); for the complete proof, see
Kulikov and Lopuhaé (2006). For a similar result in the context of monotone
regression, see Durot and Tocquet (2003), and for a similar theorem in the
context of the Wicksell problem studied by Groeneboom and Jongbloed
(1995), see Wang and Woodroofe (2004).
Proof of Theorem 1.2: We rewrite the left side of (2) as

n?3{Fy(to + n~3t) — Fulto +n~'/3)}
= n3{Fu(to +n3) — F(to) —n~ 3 f(to)t} (3)
n?3{F,,(to +n~'3t)) — Fu(to) — n~ V3 f(to)t}
+n2/3{Fn<to>—F<> (Falrg) = Fu(rg )}
n23{E,(to) — F(to)}

where 7, is the first pqint of touch of Fn and FF,, to the left of ty. From
known local theory for F), and FF,, it follows easily that

F,
Fy

n?3{F,(to +n~3t)) — F (to) —n Y3 (to)t}

= \/ to W —|- f to)t2 = Yl( ) (4)
n?3{F,(to +n~3t) — F(to) —n Y3 f(to)t} = Cpe(t), and (5)
n*/3{Fy(to) = F(to)} = Cpc(0) (6)

where Gy . is the least concave majorant of Y;. It remains to handle the
third term. But since F,(to) — Fn(7y ) = fu(to)(to — 7y ) by linearity of F;,
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on (75, 75),

n?3{Fy(to) — Fu(to) — (Fu(r5) — Fulrg )}

= 2/3(Fn(t0) (TO_) n(to)(to — T ))

= —n?B(Fa(to) — Fulrg ) — f(to)(to — 7))
+ n?3(fulto) — £(to))(to — 75)

= n¥{F(to +n P03 (75 — to)) — Fulto) — f(to)n*n!/3 (75 — to)}
'3 (Falto) = f(to))n* (5 — to)

—4 Ylm—cé}z( Jro = Yi(7) — {Cpe(0) + CLY(0)7—} + Cyc(0)

= Yi(7-) = Cpe(m) + Cp(0) = Cp(0) (7)

where 7_ is the first point of touch of Y; and C; . to the left of 0, and hence
Cpe(7—) = Yi(7—). Combining (4), (5), (6), and (7) with (3) it follows that

n?3{F,(to + nY3t) — Fulto + n~ Y30} = Cye(t) — Yi(2)

n (D[-K,K],| - ||) for each fixed K > 0. O

2. The convex case

Now suppose that X1, ..., Xy are i.i.d. with monotone decreasing and convex
density f on (0,00). Then the maximum likelihood estimator f, of f is a
piecewise linear, continuous and convex function with at most one change of
slope between the order statistics of the data, and, as shown by Groeneboom,
Jongbloed and Wellner (2001b), is characterized by

N <1, t>0
Hy(t, fn) { =1, if f;’l(t—) < ﬁL(H‘)'

where, with I being the class of convex and decreasing and nonnegative
functions on [0, c0),

2(t — u)/t?

mn) = [ 2w, @ ertxk
g flu)

As shown by Groeneboom, Jongbloed and Wellner (2001b), the least squares

estimator f, of f is also a piecewise linear, continuous, and convex with at

most one change of slope between the order statistics, but is characterized

by

- > Ya(t), t>0,
H,, (t - L ~
O Zvit i Pl < Bt
where H,( fo IN fo(w)duds and Y( fo ds The correspond—
ing estlmators F and F, of F and Y are given by fo fn )dy,
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fo y)dy, and F,( =y faly)dy, H fo y)dy, re-
spectlvely Slnce pointwise hmlt theory for both the MLE and the least
squares estimators of f are available from Groeneboom, Jongbloed and
Wellner (2001b), we begin by formulating a (family of) local convergence
theorems analogous to Theorem 1.2 in the monotone case. These will serve
a guide in formulating appropriate hypotheses in the context of our global
theorem.

Theorem 2.1 (Local process convergence, convez case) If f(to) > 0, f"(to) >
0, and f(t) Aamif”(t) are continuous in a neighborhood of to, then for
(Fm Hn) = (FmHn) or fmﬂ (an Hn) = (Fny Hn)7

3/5( (t0+n 1/5t) n(to+n_1/5t))
n/5(H, (to + n=1/5t) — Y, (to + n~/5t))

) -
H(l)(t) (1)()
§<H§<> s (1) )
o[ (20885 @0 at) - ¥ (at)

)

15
(244885 ) " (Has(at) = Yo (at)

n (D[—-K,K|,| - ||) for every K > 0 where

1) = V/F(to) /0 W (s)ds + o 1" (o)t

and Hy is the “invelope” process corresponding to Yo: i.e. Hy satisfies: (a)
Ha(t) > Yo(t) for allt; (b) [* (Ha — Yg)ngS) =0; and (c) ng) is convex.

Here
B f//(tO)Q 1/5
242 f(to) ’
and Hs g, Yg s denote the “standard” versions of Ho and Yo with coefficients

1:d.e. Yoot fo ds+t4

Note that ,82( )= 1nf0<t<al(F)(f”(t)/f3 (t)) is invariant under scale changes
of F, while §5(F) = sup0<t<a1(F)(f”(t)z/f(t))l/5 is equivariant under scale
changes of F'; i.e. d02(F'(c)) = cda( F).

Proof. Here is a sketch of the proof of the convergence in the first coordinate
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of (8). We write
n3(F, (tg +n~2t) — Fp(to + n~Y/51))
= A(Falto + 07 %0) — F(to) — n7 < f(to)?)
— 3(Bo(to + n5t) — Fu(to) — n*l/f’é F(to)t)

+ n3/5(Fn(to) - Fn(tO) - (Fn(T(;) - F”(TJ))
_ 713/5(}ﬂ1(70) — }7(t0>).

Here
1
n3/5 (Fn(to +n %) — F(to) — n_1/56f(to)t3) = Hy"(¢),
1
n3/5 <Fn(t0 + 05 — F(to) — n‘1/56f(to)t3> = Y& (1),
/3 (Fu(to) — F(to)) = Hy(0),
while

035 (Fy(to) — Fulto) — (Ful(7) — Fa(7g))
= p3/° (Fn(to + n*1/5n1/5(7'0_ —tg)) — Fn(to)

- o Fe) 0oy~ 1))
_ 3 (Fn(tg +n V3 (r5 — tg)) — F(to)

- o) (0o~ 10)°)

+ 0¥/ (Fy(to) — F(to))

1 1 1 1
—a V() — B () + 17 (0) = B (0)
since Ygl)(T,) = Hél)(T,). Combining the pieces yields the claim.
The proof for the second coordinate is similar. a

Now we can formulate our main result. Our hypotheses are as follows:

R1 F has continuous third derivative F®)(¢t) = f(t) > 0 for t € [0, 7] and
Ba(F,7) = infocs<r (f"(t)/£3(1)) > 0.

R2 31(F,7) = supgeper (—f'(8)/ f3(t)) < oo

R3 v (F,7) = supgye, f7(t)/ infocrer f3(t) < o00.

R4 R = max{l,supgsc, f(t)}/ infoct<r f(t) = max{1, f(0)}/f(7) < occ.
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Theorem 2.2 Suppose that R1 - R4 hold. Then

|Fy = Fullf = sup |[Fu(t) — Fu(t)] = O((n~ ' logn)®/?) (9)
o<t<r
[Hy, — Y,|lf = sup [Hn(t) — Ya(t)] = O((n 'logn)*?)  (10)
0<t<r
almost surely.

Note that (9) and (10) imply that

n' ||, — Fy|l = O(n™"/(log n)*/%),
n'||H, — Yl = O(n™*/(logn)"/?),

almost surely.
To prepare for the the proof of Theorem 2.2, fix 0 < 7 < a1 (F) for
which the hypotheses of Theorem 2.2 hold. For an integer k > 2 define

a§k) =a; = FY(j/k)F(r)) for j = 1,...,k, and set a(()k) =ap=o(F) =

sup{z : F(x) = 0}. Note that a,(ck) = F~Y(F(7)) = 7 for all k > 2. We will
often simply write a; for ag-k), but the dependence of the knots {a;} on k
(and the choice of k depending on n) will be crucial for our proofs. We also
set Aja = aj — aj—1, and write |a| = max;<j<i Aja.

Let H,, x be the complete cubic spline interpolant of Y,, with knot points

given by {a;, j =0,...,k}. Thus H, ; is piecewise cubic on [a;_1,a;], j =
1,...,k with two continuous derivatives HS?C and HSL; see de Boor (2001)
pages 39 - 43 and 51 - 56. We will choose k = k, ~ (Cn/logn)'/® — oo

in our arguments. Hf,)cn is not necessarily convex, but we will show that it
becomes convex on [0’, 7] with high probability as n — oo, and hence H,, 1,
will play a role analogous to the role played by the linear interpolation of I,
in the proofs of Kiefer and Wolfowitz (1976). (We will frequently suppress
the dependence of k = k,, on n, and write simply & for k,.)

Let Y be defined by Y (t) = fot F(s)ds; thus YV = F, YY) = f0=2) for
J €{2,3,4}. We will also need the complete cubic spline interpolant Hy, of
Y'; this will play the role of the linear interpolant L = L*) of F in Kiefer

and Wolfowitz (1976).

The cubic spline interpolant H, . of Y, based on the knot points {agk)7 j=
0,...,k} is completely determined on [0, 7] by the values of Y,, at the knots
aj, j = 1,...,k together with the values of Yg) =TF, at 0 and a; = 7,
namely Y, (a;), j = 1,...,J, Y%l)(O) = F,(0) = 0, and Yg)(r); see e.g.
de Boor (2001) page 43. As de Boor nicely explains in his chapter IV, the
complete cubic spline interpolant is one case of a family of cubic interpola-
tion methods. Taking de Boor’s function g to be our present function Y,
several different piecewise cubic interpolants of Y,, can be described in terms
of cubic polynomials P; on each of the intervals [a;, aj;+1] where the inter-
polating function Hy,(-; s) is given by Hy(z;s) = Pj(z;s) for x € [aj,a;41],
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7 =0,...,k—1, and where we require

Pj(aj) = Yn(aj),  Pjlay1) = Yn(aji1)

Pi(a;) = sj, Pi(aji1) = sjy1,

for j =0,...,k — 1. Here s = (s, ...,s) and the s;’s are free parameters.
Different choices of the s;’s leads to different piecewise cubic functions agree-
ing with Y,, at the knots a;; all of these different approximating functions
H,,(-;s) are continuous and have continuous first derivatives. Of interest to
us here are the following particular ways of determining the s;’s:

o5 = Yg)(aj) = F,(aj), j = 0,...,k. This gives the piecewise cubic

Hermite interpolant of Y, Hy(-,s) = H,, Herm.-

e s;,7=0,...,k chosen so that H,(-,s) € C?[0,7]; i.e. so that ]H[g)(-,g)
is continuous and so = Yg)(O) =0 and s; = Yg)(ak) = Yg)(T). This
gives the complete cubic spline interpolant of Y, H,(-,s) = H,, cs =
H,, -

The complete spline interpolant H,, ¢s will play the role for us that the
linear interpolant L, of [F,, played in Kiefer and Wolfowitz (1976). As we
will see, however, even though the Hermite interpolant H, gery, is not in

C?[0,7] (i.e. Hfggwm is not continuous), the slopes of its piecewise linear

second derivative can be given explicitly in terms of Y,, and Y%l) =T, at
(2)

n,Herm to

the knots, and our proof will proceed by relating the slopes of H

(2) (2)

the (more complicated and less explicit) slopes of H~ ¢ = H* k,, inorder to

prove point B in the following outline of our proof.
Here is an outline of the proof, paralleling the proof of the K-W theorem.

Main steps, proof of (9) distribution function equivalence:

A. By the generalization of Marshall’s lemma for the convex density prob-
lem (see Diimbgen, Rufibach and Wellner (2006)), for any function h
with convex derivative b/, ||]HL(11) — h|| < 2||F,, — h|| where HP = I
[This generalization is not yet available for the MLE Iﬁlg) of F in

Fo corresponding to }ﬁl,(f) = fn; see Diimbgen, Rufibach and Wellner
(2006) for a one-sided result.]

B. Pr(A,) = PF{HSLn is convex on [0,7]} /' 1 asn — oo if ky, =
(CoB2(F)*n/logn)/® for some absolute constant C.
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C. On the event A,,

JH — Hy)

n,kn,

”ﬁ7(11) _FnH

+H) — T

IN

1 1
20|F —Hy) |+ I, — Fal
by the generalization of Marshall’s lemma (A)
1
= 3|F, —H,, |
3, —HL), — (F = B+ F— )|

nkn

1 1 1
< 3|F,— H) —(F - H)| +3|F - 5|
= 3D, + 3E,.

D. D, is handled via a generalization of the K-W lemma 2; FE,, is handled
by an analytic (deterministic) argument.

Of course proving step B in this outline involves showing that the slopes
of the HSLH become ordered with high probability for large n, and this

explains our interest in the slopes of both Hff)cs = Hfin and HT(?}{ erme Lhe

assertion (10) of Theorem 2.2 can be proved in a similar way if we replace
Hg), Hgin, H 15.711), F, by H,, H, x,, Hk,, Y, respectively, and if we replace
A by:

A’. From a generalization of Marshall’s lemma to the convex density prob-
lem, for any function G with convex second derivative ¢”, || H, — G| <
2||Y,, — G||. [This generalization is not yet available for either the sec-
ond integral of the LS estimator I;D(LQ) = f, or the second integral of
the MLE I/—I'T(?) = ]?n I conjecture that a version of it is true; see the
note by Diimbgen, Rufibach and Wellner (2006).]

Proof of (9) assuming B: First the deterministic term E,. As in de Boor
(2001), page 43, let I denote the complete cubic spline interpolation oper-
ator, and (as in de Boor (2001), page 31, let Iy be the piecewise linear (or
“broken line”) interpolation operator. Then by de Boor (2001), (20) on page
56,

1 1
By = |IF=H| = Y® = (1)) < glal |y @)

1
< oo(F ) = O((n logn)?/%).

To handle D, let $35 be defined to be the space of all quadratic splines on
[0, 7], and similarly let $2 be the space of all linear splines on [0, 7]. Then,
by de Boor (2001), page 56, equation (17), together with (18) on page 36, it
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follows that with

D, = |[Fp—H) —(F—HD) =[(Ys— )V = (LY, - Y)Y
< %dist((Yn — Y)W $3) < Z—gdist((yn — V)M, $y)
< ¥ VYO~ DY, - V)|
= DIE -~ F) - B(FE, - F)
< wlFa - Filal)
< ?n’l/QW(Un;an)

= O(n Y%\/pnlog(1/py)) almost surely,

= O((n ‘logn)*®).

d

Proof of (10) assuming B: By Hall (1968) (also see Hall and Meyer (1976)
for optimality of the constant and de Boor (2001), page 55),

5 5 1
E = |V —H. || < —"—la*YWD|| < ———Rmo(F)—.
n I kn!|_384\a| I ||_384 Yo )k%

To handle the first term D,,, we note that
Yo =Y = (Hpk, — Hy,) = (Yn —Y) = L(Yn = Y)

where I, is the complete spline interpolant, and, on the other hand, for any
differentiable function ¢ it follows from de Boor (2001), page 45, equation
(14), together with (18) on page 36, that with $3 defined to be the space of
all quadratic splines on [0, 7],

19 . 19 ..
lg — Lgl] < g\a\dlst(g’,&;) < g\a|dlst(g’,$2)
19 19
< —lalllg’ = Ig| < —lalw(d, |al).
8 8
Applying this to ¢ = Y,, — Y, it follows that
Yo =Y — (Hnp, — He )l = (Yo =Y) = Li(Yn = Y)||

19
~lal w(F, — Flal)

i 77,71/2(,0([[}”, pn)

Therefore w(F,, — F; |a]) = O(n=Y2\/p, log(1/p,)) almost surely (just as in
the proof of Lemma 2 for the Kiefer-Wolfowitz theorem, see section 6), we
see that the order of D, is

02}/ (log(1/pn)) /% = O((n M ogm)*®)  almost surely
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as claimed. [Thus the claim (10) is proved if we can verify that A’ and B
hold | 0

3. Asymptotic convexity of Hg}cn

In this section we change notation slightly by writing S,, , and S,, 5, for the
complete spline interpolants H,,  and H,,  of Y;, and Y respectively, and we
write C for the complete spline interpolation operator that maps functions
g € C1[0,7] into their complete spline interpolants C[g] (based on the fixed
knot sequence 0 = ap < aj... < a; = 7); thus in this section our C is de
Boor’s operator I4. Thus we have

Sne = C[Yy], Snk =C[Y].
It follows from the formula for ¢4, in (5) on page 40 of de Boor (2001) that

the slope of SSL on the interval [a;_1,a;] is given by

12 (S0 (ajm1) + S (ay)

Bj = B](CS) = (Aja)3 9

Aja - A]Yn

where Aja = aj —aj—1 and A f = f(a;) — f(aj—1) for j =1,...,k and any
function f on [0, 7].

It is important to note that the corresponding slopes of the second deriva-
tive of the Hermite interpolant, H) = (H[Y,]))® on [aj_1,a;] are

n,Herm

given by this same formula, but with Sg}c(ai), i = j — 1,5 replaced by
¥ (@) = Fu(a), i = j = 1,5

Bj = Bj(Herm) = (Alji)?’ <F”(aj—1)2+ Fn(ay)

A]’CL— A]Yn> . (11)

Note that Ej is expressed explicitly as a function of the data via F,, and
Y,,, whereas Bj still involves S, = C[Y,] and hence also the interpolation
operator C. Ordering of the slopes Ej can be shown using only Lemma 3.1
and Lemma 5.7, but (unfortunately) the generalization of Marshall’s lemma
does not apply to the Hermite interpolant because the second derivative
Hg}iwm is not continuous at the knots. This last formula (11) agrees with
the formulas for H and H,, in Groeneboom, Jongbloed and Wellner (2001a)
and Groeneboom, Jongbloed and Wellner (2001a); in particular (11) can be
viewed as a finite sample analogue of the 3rd derivative of the interpolant
H given in Groeneboom, Jongbloed and Wellner (2001a), page 1631, but
based on the fixed knots {a;} rather than random knots determined by the

optimization procedure. Note that the least squares estimator fn = }ﬁlg)
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can be viewed as the second derivative of either the Hermite interpolant
or the complete cubic spline interpolant of Y,, since these two interpolants
have been forced equal by the optimization procedure which determines the
knots as random functions of the data.

Set

k—1
A, = {87(123% is convex on [0,7‘]} = ﬂ {B; < Bj1}.
j=1

To prove B, we want to bound

k-1

P(A;) <) P(B; > Bjpa).
j=1

To prepare for this, we define

(CIYa)) P (aj-1) + (C[Ya])D(ay)

Thy = 5 Aja — A Yy,
R, Y;”(aj_n; v (a)) A A,

tny = <C[Y])(1)(aj—1)2+ (C[Y])(l)(aﬂAja — AjY,
Poj = Y(l)(aj—l);L YW (ay) Aja—AY.

We will frequently suppress the dependence of all of these quantities on
n, and simply write Tj for T),;, R; for Ry;, and so forth. Now B; =
12T5/(Aja)3, Bj = 12R;/(Aja)?, and we can write

Tj—rj = Tj—tj+ttj—r; (12)
= Rj—rj+{Tj—tj — (Rj—rj)t +t;—r;
= Rj—Tj—i-Aj—l-bj (13)

We regard R; — r; as the main random term to be controlled, and view
T; —tj — (Rj —rj) = Aj and t; — r; = b; as second order terms, the
last of which is deterministic. Thus our strategy will be to first develop an
appropriate exponential bound for |R; — r;|, and then by further separate
bounds for A; and b;, derive an exponential bound for |T; — ;.

For 0 < s <t < 00, define the family of functions hs; by

hop(@) = (x = (s +1)/2)1(5.(2).
Note that

Phay = 3 (F(t) + F(5))(t — ) - / F(u)du,
Prhes = %(Fn(t) FFo(s))(t — 5) — / F, (u)du,
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Balabdaoui and Wellner/A Kiefer-Wolfowitz theorem 13

and, furthermore,
ry = Phaj717aj, Rj = Pnhajfl,aj-

Here is a (partial) analogue of Kiefer and Wolfowitz’s Lemma 1.

Lemma 3.1 Suppose that 41 (F) < 0o and R < co. Let hgt(z) = (z — (s +

£)/2)1s4(x), s = ag-k_)l =aj_1, andt = agk) =aj sothatt—s =aj—aj—1 =

_1(1/f(a;)) for some a} € [aj—1,a;]. Then if 6, — 0 and k > 591 (F)R,
Pr(|R; —rj| > 0up;) = Pr(|Pa— Pl(hst) > dnpj)
e (_ 3n5§f2(a§f)pi>
1+ pndnf(af)
< 2exp(=3ndyp;, f2(a5)(1 + o(1)))
where o(1) depends on f(a3), ky, and 6.

Proof. First note that |hs;| is bounded by (¢ — s)/2. Thus by Bernstein’s
inequality (see e.g. van der Vaart and Wellner (1996), page 102),

nx?/2
02+ Mz/3

for 02 > Varp(hs (X)), M = (t —s)/2 = 1/(2f(a})k) = [1/(2f(a}))]pn,
and x > 0. Note that

ER2,(X) = / (v = (t+5)/2)%dF(z) < f(s)(t—5)*/12

= f(9)k7°/(12f%(a})) = f(s)pn/(12f°(a})) < p;,/(6£°(a}))
for k > 5% (F)R by Lemma 5.1. Then we obtain

Pr(mbnhs,t - Phs,t| > x) < 2exp <_

Var(hs (X))

IN

3 it
Pr(|Pyhsy — Phst| > 0np,) < 2exp (‘ p3/(6£(a%)2) + pudnpd/(6f(as )))

= 2exp ( n52f2 ) )

1/3 + pnf(a;j)on/3
= 2exp ( 3nd, f2 >

1+ pn nf )

(= 3ndap, f2(a;) (1 +o(1)))
where the o(1) term depends on f(t) = f(aj+1), pn = 1//<:n, and 0. 0
Remark 3.2 Note that taking 6,, = C/k,, in Lemma 3.1 yields
Pr(|P,, = P|(hs) > Cpy,) < 2exp(=3(nC f*(a}) /Ky ) (1 + 0(1)))

which seems quite analogous to Lemma 4 of Kiefer and Wolfowitz (1976),
but with the power of 3 replaced by 5.

= 2exp
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Balabdaoui and Wellner/A Kiefer-Wolfowitz theorem 14

The following lemma gives a more complete version of Lemma 3.1 in that
it provides an exponential bound for |T}; — ;.

Lemma 3.3 Suppose that the hypotheses of Theorem 2.2 hold: Bo(F,T) <
00, Y2(F,T) < o0, 31 (F) < o0 and R < oo. Then if 6, = Cp,, for some
constant C and k > {5RV 3}71(F),

100)~'né2 2 (a*)p3
Pr(T; —ry| > 36,05) < Gexp< (100)~"nd2 f2(a?)p}

1430 1pnbnf(al)
Proof. This follows from a combination of Lemma 3.1, Lemma 5.2, and
Lemma 5.4. Lemma 5.2 yields
|bj| = |t; — ;] < R*o(1)py, < 6up})
if n (and hence k) is sufficiently large. This implies that
Pr(|T; —rj| > 30upy) < Pr(Tj—t;] > 30,p;, — |tj — 1)

< Pr(|T; —tj| > 26,p2).

In view of the decomposition (13), this yields

Pr(|T; —rj| > 36,p3) < Pr(|R; —rj| > 6up3) + Pr(|4;] > 6,p3)

(100)~'ndy f2(a})p),
6exp [ —
1+ 30 1pndnf(a))

IN

by Lemma 3.1, Lemma 5.4, and the fact that

10074 30 A _ 34
14+30-'B 10030+B ~— 1+ B

for A, B > 0. a

Lemma 3.4 Suppose that o = (2(F,7) > 0, 1 = A (F,7) < oo and
R=R(f,7) <oo for someT < ai(F)=inf{t: F(t)=1}. Let

A, = {87(12,;% is convex on [0,7]}.
Then
P(A) <12k, exp (—KﬁZ(F, T)npfl) (14)

where K~1 = 82 .1442% . 16 - 200 = 4, 246,732,800 < 4.3 - 10°.
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Balabdaoui and Wellner/A Kiefer-Wolfowitz theorem 15
Proof. Since
— kn—1
AL = Uj:l {Bj > Bj+1},

it follows that

kn—1
P(A7) < P(Bj > Bj1)
j=1
kn—1
= P(Bj >Bj+1,‘Tz’—Ti‘ §36n,jp7?;7 i:j7j+1>
j=1
kn—1
32 P(By > By T ni > 80 for i=j or i=j+1)
7=1
mp—1
< 3 P(B> By |- ni| < 36,508, i=j+1)
7=0
kn—1
+ {P({TJ — T'j‘ > 35n,jp,?;> + P(‘Tj+1 - Tj+1‘ > 35n,jp731>}
=0
= I+ I, (15)

where we take

5 C(F,T) _ C(F,T) _ On, .
Y kaf(ay) 7T fla}) o f(a))
here a} € [a;_1,a] satisfies Aja = aj—aj_1 = 1/(k,f(a})), and C(F,7) is a
constant to be determined. We first bound I1,, from above. By Lemma 3.3,
we know that

(100)"'nd? ; £2(a¥)p?
P(|T; —r;| > 38,02 ) <6exp | — - 7z
(I =75l n,apn> = bexp ( 1+ 307 pndn,; f(aj)

where 5,%7]-1"2(@;)]92 = C*(F,7)p} and

1 1
1+ 30~ padn,f(al) 1+ 30-LC(F,7)p

-
272
when k, > [3071C(F, 7')]1/2. Hence,

P(;Tj — 7| > 35n7jpi> < 6exp (=200 C*(F, m)npd) . (16)

We also have

100~ o2 . f2(at, ,)p3
P<|Tj+1_%| y 35n,jp;°;> . 66Xp< nil (a5 )P,

1+ 30  pudn flaly)
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Balabdaoui and Wellner/A Kiefer-Wolfowitz theorem 16
where aj,; € [aj,a;+1] and aji1 — a; = Ajia = 1/(knf(aj,,). Using
the same arguments in page 17, we can show that f(a;)/f(aj41) < 2 if
kyn > 51 (F, 7)R. But this implies that f(a})/f(aj,;) < 4 since

fl@j) —_ fla)  flay)  flaj1)
(

f(a;+1) f a]) f(aj—i-l) f(a;q-l)

< g o o cnnes
Hence, we can write
75} 0) = 5 O >ff((+)) > moiR) g = STy
and, since f(a3,,)/f(a3) < 1.
1 1 1

— >
1+307 pndn;flajyy) 14307 C(F 7)phf(af,q)/ fa;) — 14307 C(F, 7)py;

when k, > [3071C(F, T)]1/2. Thus, we conclude that

200!
P<|Tj+1 —Tjp1| > 35n,jpi) < 6exp < 16 (F, )np%) (17)

Combining (16) and (17), we get

2001

11, <12k, exp < C*(F, T)npn> .

Now we need to handle I,. Recall that
T;
(Aja)®’

T

B; =12 —_.
’ (Ajt1a)?

Bj+1 =12
Thus, the event

{Bj > By, IT: = ril < 36,95, i=j—1,j}

is equal to the event

{ T; Tj+1
(

> T — 1| < 36,8, ':'—1,'}.
Aja)? = (Ajira)? Ti = ril < 30ngpn, =7 =17

Then, it follows that

T; i, 30ngD
= < == and
(Aja)? (Aja)?  (4ja)?
Tivn o _rmin 30npy
(Aji10)* = (Ajpaa)® (Aj4a)?
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Balabdaoui and Wellner/A Kiefer-Wolfowitz theorem 17

and hence
T [ ri__ Tinl ] +[ Tt 30ngD
(Aja)? = [(Aja)?  (Aji1a)3 (Ajy1a)®  (Ajpra)?

N [35n,jp;°% 30n,iP }
Bja) " (Bjara)?
[ ri o Tin ] Tjta
307 (Byr1a)) | (B0
4 [357%]‘]?,31 4 35n7jp%‘ :|
Bja) " (Bjira)?
The first term in the right side of the previous inequality is the leading term
in the sense that it determines the sign of the difference of the slope of Sgin.
By Lemma 5.7, we can write

IN

Ty . Tj+1 < _i 1" A A N
(Aja)3 (Aj+1a)3 - 12f ( ) a+ <f ij_,_l jr1a).
Let aj € [aj—1, a;] such that Aja = pn[f(a;)}—l' Then, we can write

35n,jpfl 30 ,]pn 1
(Aja)? (Ayﬂa)g

<66 ,]f3 . 7!}0//( **)A a—l— (f A i;(+1Aj+1CL)

f// ) 1 - )

72 f3 ) ’Vl+ 144f2(a;<)(f]A]a—fj+1AJ+1a)}
f// ) 1 +1a

On — 72 f3 ) DPn + 144f3(a;‘) (f _f 41 i >pn}

2 f” ) 1 i/‘/+1 f A'+1a
=6/7(a {5” 72 f3(a )p”+Mf3j(a;) f;.’il a ija, Pn

P A+ o (P A~ £, Ajia)

=6f%(a}) On —

—6f2

f”(a**) f3( **) 1 i// ) ?// A L
—=6f2 5 — J A+ —— J+ I/J I s N
e 72 Py Py T p@y\ 7, )7
2( 1 52(F» 7) 1 Lin (T Ajaa
<6f(a n 3 Dn Mf?’(a;f) (f;‘/+1 - Aja > pn}
2 1 By(F,7) 1 S (O F Ajira
_6f ( ){5n_72 3 pn“‘m'fﬁ(a;) (f;’_i_l —141- Aja Pn

where (using arguments similar to those of Lemma 5.2 and taking the bound
on |?;/ - i;(+1| to be ¢||f"|| which is possible by uniform continuity of f” on

[0,7])

! 1!

T | et
Fo  Tla 1T fa
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Balabdaoui and Wellner/A Kiefer-Wolfowitz theorem 18

if k, > max(5% (F,7)R, (V2 + 1)R/n) for a given n > 0 and

1—

Ajiia _ |Aja s
< -1 < F -
A]’a Aja - 8’}/1( ’T)p
Hence
30y, jp3 30, jp3 L., L= 7
(Aja)*  (Ajia)? 1o/ @A+ 5 (A5 = [, Aina)

1 ﬁz(F,T) 1 8 5 9
— — F — ~(F F
=8 pn+144ew( ,T) pn+144w( 7)1 (F, 7)py,

< 6%(a?) { \

where we can choose € and p,, small enough so that

1 8 1
— F —~o(F, 7)7 < ———9(F, 7);
1446'72( 7T)+ 144'72( 77—)71 Pn > 2728ﬁ2( 7T)7

for example

1 52(F’ T) -1 ’3/1(F,T)
e< ————=, kp=p, >16-8 .
16 72(F, 7) P Bo(F. 7)
The above choice yields
35n jpg 35n jps 1 y 1 —y y
L 2o — — A —(f:Aza— f7 A
(Aja)* — (Ajra)? 12i] ot 24(fj 30~ 5 B510)
IBQ(F 7')
<6f%(a*)< 6, — * Ly b =
<6f (aj){ < 142 P 0
by choosing
ﬂ?(Fv T)
n=C(F,T)pn = ————"Pni
On = C(E\T)pn =~ 1P
ie. C(F,7) = [a(F,7)/(8-144). For such a choice, the first term I, in (15)
is identically equal to 0. O

4. Questions

e Note that our present proof of the second claim (10) of Theorem 2.2
is not complete: the gap remaining is a proof of A’.

e It would be of interest to prove a comparable theorem for the MLE
ﬁn itself rather than F,. This involves several additional challenges,
among which is a complete analogue of Marshall’s lemma.

e Are either F), or F,, asymptotically minimax for estimating F' € F5?
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Balabdaoui and Wellner/A Kiefer-Wolfowitz theorem 19

e We conjecture that similar results hold for k—monotone densities and
corresponding distribution functions (k = 1 corresponds to the Kiefer
and Wolfowitz monotone density case, while k = 2 corresponds to the
convex density case treated here). More concretely, we conjecture that
under comparable hypotheses

| F — Follf = O((n~ " log n)*+1/(2k+1)) almost surely

for F, = ﬁn or F,, = ﬁn, the least squares estimator or MLE of
F € Fi.. Some progress on the local theory of the corresponding density
estimators is given in Balabdaoui and Wellner (2004a) and Balabdaoui
and Wellner (2004b). On the interpolation theory side, the results of
Dubeau and Savoie (1997) may be useful.

e What is the exact order (in probability or expectation) of || Fy, —F,,|| in
the case k = 27 Is it (n~!log n)3/5 as perhaps suggested by the results
of Durot and Tocquet (2003) in the case k = 17

5. Appendix 1: technical lemmas
Lemma 5.1 Under the hypotheses of Theorem 1.1,

flaj-1)  Ajpia _,

b= flaj) = Aja —

uniformly in j if k > 591 R.

Proof. Note that for each interval I; = [a;_1,a;] we have

_ _on | = Faj)Aja
Pn = /I]- f(x)dr = f(aj)Aja{ < f(aj-,l)]Aja

where a;f € I;. Thus

Pn
Aj_Ha Aja’

Pn Pn
< i .
Aja — f(a] 1) — A]_]_a

P and

< f(a;) <

A

It follows that

1< f(aj_l) < Aj+1a _ Aj+1a Aja .
- f(aj) - Aj_la A]‘CL Aj_la
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Thus we will establish a bound for Aj;1a/Aja. Note that with ¢ = F(7) < 1

Mjna = g - =P (g - Py
_ ¢ 1 _,_7_]0 (&+1)
kfla;) — 2k% f3(&41)
_oc 1 {1+ —f'(§+1) flay) }
k f(a;) 2k f2(&5+1) f(&5+1)
c 1 Y1
= k?f(aj){ +2’€R}

for some §;1 € Ij41, where 41 € Ij41, R < 00, and 1 < 0.
Similarly, expanding to second order (about a; again!),

Aja — aj—aj_l:F—l(%c)—p—l(j;@
- i >+2k2;3(<2)>
- Ut e e
- ;ﬂ;){ 22;;(@?)
since f(a;)/f(§) <1 and f'(§) <

c 1 N
> - 1-—
=k f(ay) { 2k }
where &; € I;. Thus it follows that for £ = k,, so large that 4, /(2k) < 1/2

we have

Aj_HCL < 1 + %R

Aja o 1—%

N p N
< 1+ — —
< (158 (%)
B '”y
= 1+—(R/2+1) T

R+1
< 1+7%( k+)

if Kk =k, > 741. The last inequality here follows from

%(R/Q +1)+ 27—];2}2 < %(R+a)
if and only if
gl
(R/2+1)+%R§R+a
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or, equivalently, if and only if

2kR<R/2—|—a—1 or k> ———— =%

if & = 1. It now follows that

f(aj,l) < Aj+1a . A]’Jrla Aja

1< = 2
B f(aj) - Ajfla Aja AjflaAj,la -
if
Ai+1a
— < V2
Aja — \f

for i = j — 1, 5. But these inequalities hold if k is so large that 1+ 71(R+1) <

V2, 0r k> 5y1R >4 (R+1)/(v/2—1) since R >1and 1/(v2 — 1) < 5/2.
O

Lemma 5.2 Under the hypotheses of Theorem 2.2,

e =

where the o(1) depends only on 7, 31 (F,T), and vy2(F,T).

Remark 5.3 Note that

_ = _ " P
max [t; = 15 < oo lal! YO = el 1f7] < 5 R(F)ph (19)
This follows since
1
=ty = 5 (Y00 + Y0 (ay) = (V) D (ay1) - €YD V() Aja

_ %{(Y“)(aﬂ) — (C[Y])(l)(ajfl))

+ (YO(ay) = €YD W(ay) } Asa,
and hence from de Boor (2001), (20), page 56, it follows that
rj =t < o lal*IY @1 Aja < ol 72
Y Y ’
and this yields (18). The claim of Lemma 5.2 is stronger because it makes
a statement about the differences t; — r; relative to (Aja)4; this is possible

because only differences between the derivative of the derivative of Y and the
derivative of its interpolant C[Y] at the knots are involved.
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Proof. We have

rj—t; = = (EP(aj21) + EM (a))) Aja, (19)

N

where £ = g — C[g]. Now, using the result of Problem 2a, Chapter V of
de Boor (2001) (compare also with the formula (3.52) given in Nirnberger
(1989)), we have

5,6 (a;-1) + 260 (a;) + (1 = 6,)€D (aj41) = B;
for j=0,--- ,k — 1, where

ajy1—aj  Ajna

5‘ pr— pu—
J
Aj+1 — Gj—1 Aja + Aj+1a

and

8;(—=0ja)® f"(&15) + (1= 6;)(Aj10)* " (€2,5)

&1, &, € laj—1,aj41). By Problem IV 7(a) in de Boor (2001) and the
techniques used in Chapter III (see in particular equation (9)), a bound on
the maximal value at the knots of the derivative interpolation error can be
derived using the following inequality

W\ < 0 e
g €1 0p)] < mae (16 o)l max 191,16 @0]) . (20

By definition of the complete cubic spline, 53(/1 )(ao) = 5)(/1 )(ak) = 0. Thus,
we will focus now on getting a sharp bound for maxj<j<;_1|5;| under our
hypotheses. This will be achieved as follows:

e Expanding ¢; around 1/2: We have

(ajp1—aj) + (aj —aj1) k' [fady)] " + B ' [f(af)] Y

s B Qi1 — aj kgl[f(a;+1)]_l
i =

where a} € [aj_1,a;] and a}* € [a;, a;41], and hence

flajy) — f(aj)

5L,
= T () + Fa)
1 f'(a;") o
= T A ) W
2
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where
f/(a;f*) a;{f* _ a;if
M| =
Ml = (@) + Flat) @ — as
|f(a’j )| aj+1 —aj1
- 4f(ei)  aj—aja
If'(ag V)| flaj-1) (%‘H—%’ +1>
= 4f(aj-1) flaj1) \aj —aj—
Lf ((aﬂ 1))| 2.2.(V2+1), fork,>5%R
(V34 1) |f"(aj-1)|

flaj-1)
e Approximation of (& ;) and f”(&2;): Define €; ; and ez j by

erg = f"(€1;) — f'(aj-1), and ex; = f"(€25) — f"(ay).

By uniform continuity of ) = f” on the compact set [0, 7], for every ¢ > 0
there exists an n = 1. > 0 such that |x — y| < n implies |f"(z) — f"(y)| < e.
Fix € > 0 (to be chosen later). We have & j, &2 € [aj—1,aj4+1], where, by
the proof of Lemma 5.1, if &k, > 5% R,

ajy1 — i1 = aj11 —aj +a; —aj_1 < (\[‘*‘ 1)
nf( 7)

1
< (V2+1
VU

_ (V2+DR

S TR
Thus, if we choose k,, such that k, > max (EﬁlR, (V2+ 1)/17R), then a1 —
aj—1 <mnforall j=1,... k and furthermore
max {|f”(€1,j) — f(aj-)|, [f"(625) — f”(ajfl)|} <e forj=1,... .k,
or, equivalently, max{|e; ;|, |e2,;|} <e€,5=1,...,k.

e Expanding Aj,1a around Aja: We have
Ajpra=ajp —aj = aj—aj1+laj —aj = (aj — aj-1)]

a
= Aja + Aja M — 1) = Aja + Aja €35
aj — a,j_l

where

Aj41 — Gy 1= f(a;) 1 = f(a}k) - f(a;erl)

G g —a flazy) — flagy)
_ L( al)
flajy) )
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Thus,
lesj| < |f((jj+ll>)| (@j41 —aj—1)

_ 1f(a-)] 1 n 1
(a]Jrl) knf(aj) knf(a;+1)
Sl (ai-D)l 1 _ !f’( = ( (aj—l))2 1
f (aj+1) kn (J 1) \f(aj+1) kn,

|f'(a;—1)| 1 |f'(aj—1)] 1 1
< 22 B b= Pla kb SR

Above, we have used the fact that &k, > 531 R to be able to use the inequality
flaj-1)/f(aj41) < 22

Now, expansion of 3; yields, after straightforward algebra,
24p; = [ - 2Mjf”(aj—1)(Aja)4}
1 1
+ [61,]‘ <2 + MjAjCL) (—Aja)3 + €25 <2 — MjAjG) (A]‘a)g}

1
+[ <2 - MjAja> (3+3ez; +€5,)(f"(aj-1) + ) €3, (Aja)g]

= Tij+To,; +13;

where
s = e <2020,
_ @
’f/(aj— ) o 1
< AV2H ajfl) 7"aj)
< AWV2+ DA kln AV2 + 1) f (1) k1n

1
< 27N (V24 DA = My T

n

since f(7) < (27)7! by (3.1), page 1669, Groeneboom, Jongbloed and Well-
ner (2001b),

T ; 1 2(v2+1)y I 2(v2+1
ooy < 2<2+Mk )%>6§2(2+(\€R )>€:M267
J n
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and
Bl < (3420000 (5, 00 ) g gL
= (é * %f}:D> (3 T % + 2?;:) 272f(7)3k1n
= (é + %ffjl)> <3 T % + 2?;2;2) 22’)’27'3]; = MSkzln

if we choose € < Yof(7)% = supg,c, f”(t) and again use f(r) < (27)7L.

Note that by (19)

[ty — il _ maxi<ick [ED)(as)]
(Aja)3 a (Aja>2

Thus, using (20) and combining the results obtained above, we can write for
j=1,...,k,

Itj — 1l i . Tvi| + | Tol + T3] af?
< <24 ) ) Al
(Aja)? = dithor (Aja) = 1dighor (A;a)? (Aja)?
1 jaf?
n ]
1 |af?
= (M]_ + Mg) ? M2 € (A<a)3 A]CL (2]‘)
n J

But note that

la* i Aja 3< _— f(a3)
(Aja)? T 1%ick Aja = {25 f(a¥)

) < ()

flaj—1) _ flaj—1) _ flaj-1)  fla;)  flax—1)

Fo)y  flar)  flag) flagp) flar)
and, for [ =0, --- ,k—1,

fla) _1+f(al)_f(al+1) ——

flai1) B flai4) fla

kk

a;™ € |ay, a41]

< 1+

k
I ) f2()al)

1
f2ar) flag)f(af™) kn
T )

14 % o ik > BT

IN
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Hence,
3 ~ 3(kn+2-7) < 3(kn+2)
o (4L (1o L
(ZX]a)3 4 kn 4 kn
< (1e2 YT (1em 1Y (s L)
- 4 k, 4 k, 4 3k,
33 1\ 351 /4

if k, > 41/(4(2Y/6 — 1)) where we used log(1 4+ z) < x for > 0 in the last
inequality. Combining (21) with (22), it follows that if we choose

k, > max {5%1%,%/(4(21/6 1), (V2 + 1)/77R}

then
It =il < 4eM/4 [(M1 + Mg)i + Mze] Aja = o(Aja)
(Aja)® kn
or
{a —0
where o(1) is uniform in j. 0

Lemma 5.4 Under the hypotheses of Theorem 1.1,

(100)‘1n5%f2(ajnii>

Pr(T: —t: — (Ri — s >5ni < dexp| —
(1T —tj — (Rj —5)| = dup}) p( 14 (1/30)pndn f(a})

Proof. Write
Aj = Tj—tj—(Rj—rj)
_ _{Wﬁ—YWN%4%+Wn—YWN%)

Il

|

| =
/g}\
ac
|

~
—
Q
o,

L
+
o
e
|

~

=}
.
~——
>
<

IS

where
EN(t) = (g - Clah M ().

imsart-lnms ver. 2005/10/19 file: KWCvx27.tex date: July 16, 2006



Balabdaoui and Wellner/A Kiefer-Wolfowitz theorem 27

But for g € C*a;j_1,a;] with gV of bounded variation,

o) = glajr) + g (a0t —aj1) + / (t — w)dg™ ()

Jj—1

= Pi(t)+ / " gudg®(w)

j—1

where g, (t) = (t —u)4 = (t — u)1};>,). Since C is linear and preserves linear
functions

Clal)) = 70+ [ CaultiigVw),

and this yields

aj

Et)= [ &u()dgD(u),  and
aj—1
a;
EPM) = [ EW(t)dg™M (u).
aj—1

Applying this second formula to ¢ = Y,, — Y yields the relation
aj
t) = / ED()d(F, — F)(u).
aj;—1

Now g, is absolutely continuous with g, (¢ fo gu s)ds where gqg )( t) =
Lit>y), 80 by de Boor (2001), (17) on page 56 (recalhng that our C = I of
de Boor),

IESDT = Nlgl) = (Clgu)) V|
< (19/4)dist(gu ,83) < (19/4)dist(g{1, $2)
< (19/4)w(gh, lal) < (19/4) < 5.

Thus the functions (u,t) — Eéi)(t)Aja are bounded by a constant multi-
ple of Aja, while the functions hj;(u) = Séi) (a)lja;_y .05 (W) Aja, 1 € {j —
1, 7 }satisfy

Vorlhgo (0] < (A0 [ (19/47 ) < 52(8j0)°Faj-1)

< 50p)/f*(a)

for k > 531 (F,7)R as in the proof of Lemma 3.1 in section 3. By applying
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Bernstein’s inequality much as in the proof of Lemma 3.1 we find that

Pr (|<‘:Y y(ar)| > (5npn>

< 2exp

= 2exp

ndppy/2
( 50p3/ f (a3 +pn(5/3) npy/ f (a5 ))
(i)
100 + (10/3) pnf( )
- s S
1+(1/30)pn5nf( a;)
Thus it follows that
Pr(|A;] > 6.p3)
< Pr(1ef)y (a0l > dupl)

+ Pr(le)y (@) > b))

(100)~"ndy f*(af)pj,
< dexp <“1_+(1/30)pn5nfia§)> |

This completes the proof of the claimed bound. a

Lemma 5.5 Let R(s,t) be defined by

1 t
R(s1) = Phyy = L(F(t) + F(9)(t — 5) - / Flwdy, 0<s<t<os.
Then

l— 3)3 =+ i Sups§$§t f”(l‘)(t - 8)4

t— ) 4 L infocpey f7(2)(E — 5)™. (23)

IV IA
ol el
&Hkﬁ
< <
—~~
»w O
~— —
—~~

Rl {

Remark 5.6 It follows from the Hadamard-Hermite inequality that for F
concave, R(s,t) < 0 for all s < t; see e.g. Niculescu and Persson (2006),
pages 50 and 62-63 for an exposition and many interesting extensions and
generalizations. Lemmas A4 and A5 give additional information under the
added hypotheses that F? ezists and FY) is convez.

Proof. Since g5(t) = R(s,t) has first three derivatives given by

d0) = SR = A0~ )+ 5 (F () + Fls) ~ F(1)
= I~ s) S (F(t) ~ F() =0,

020 = R0 = Lr0— 9+ 500 - F0) =0

0 = R0 = Lrwe—s+ L
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we can write R(s,t) as a Taylor expansion with integral form of the remain-
der: for s < t,

R(Svt) = gs(t):gs(3)+g;(3)(t_3)+

+ 5 [ aP @ =0

L)t )

= 0ty [ (G@E—9+ 5 @) - s

= ‘11/5 f'(x)(t — z)%dx + i /S f"(z)(z — s)(t — x)%dx

= ‘11/5 {f'(s) + " (x*)(x — s)}(t — x)dx
4y [ F@ st 02ds
= 1712]0/(5)(75 — 3)3 + i /S {f"(x*) + f”(ac)}(a: — )t — l’)2d1'

where |2* — x| < |z — s| for each = € [s,t]|. Since fst(:c —8)(t — x)%dx =
(t — 5)*/12 we find that the inequalities (23) hold. O

Lemma 5.7 Let rp; = P(hg, ,,0;) = R(ai—1,0i), i =j,j+1,
i;’ = infyepa,_, .0, f"(t) and f;/ = SUPtefa,_,.q,]) f"(t) - Then there exists
a; € [aj1,a5] = I; such that

1
24(f/, Aja —i;.lﬂ Ajjia).

Tng g+l <_i "
Bjaf ~ (Byea = 1ad @ROF

Proof. In view of (23), we have
. { < 15/"(aj-1)(Aja)* + gy sup,ey, f"(2)(Aja)’
" > 1517 (a5-1)(Aja) + 55 infecr, f7(2)(Aja)?,
S { < 15(a)(Aj110)° + gy supgep,,, f(2)(Aj1a)*
" > 15.//(a;)(Aj10)* + 55 infaer,, [/ (2)(Aj110)*,
and hence
Tng  Tng+l
(Aja)®  (Ajra)?
< a1+ o sup @) Aja — = f(a) — == inf f(2)A
= 12 24 pet i~ ) =5y it J+1a
1
= _7f//( Aja + ﬂ(f;, Aja —i;.'ﬂ Ajiia), where aj € ;.
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6. Appendix 2: A “modernized” proof of Kiefer and Wolfowitz
(1976)

Define the following interpolated versions of F' and IF,,. For k > 1, let a; =

agk) = FY(j/k) for j =1,...,k — 1, and set ap = ap(F) and a;, = a;(F).

Using the notation of de Boor (2001), chaper III, let L*¥) = I,F be the
piecewise linear function and continuous on R satisfying

L®@M =F@),  j=0,... 4.

Similarly, define L,, = Lq(lk) = DLF,; thus
L (@) = Fu(aj) + K{Fa(aj1) — Fu(a;) YLW (z) — F(ay)]
for a; <2 < ajy1, 7 =0,...,a;. We will eventually let k¥ = k,, and then

write p, = 1/ky, (so that F(a;j11) — F(a;) = 1/ky, = pn).

The following basic lemma due to Marshall (1970) plays a key role in the
proof.

Lemma 6.1 (Marshall). Let ¥ be convez on [0, 1], and let @ be a continuous
real-valued function on [0,1]. Let

®(x) =sup{h(z): h is convex and h(z) < ®(z) for all z€[0,1]}.
Then

sup [®(z) — ¥(z)| < sup |®(z) - ¥(z)|.
0<z<1 0<z<1

Proof. Note that for all y € [0,1], either ®(y) = ®(y), or y is an interior
point of a closed interval I over which ® is linear. For such an interval, either
sup,c; |®(x) — ¥(z)| is attained at an endpoint of I (where ® = ®), or it is
attained at an interior point, where ¥ < ®. Since ® < ® on [0, 1], it follows
that

sup |®(x) — ¥(x)| < sup|®(x) — ¥(x)|.
xzel xzel

Here is a second proof (due to Robertson, Wright and Dykstra (1988), page
329) that does not use continuity of ®. Let € = ||® — U||o. Then ¥ — € is
convex, and ¥(z) — e < ®(x) for all z. Thus for all

®(z) > ®(x) > ¥(x) — ¢,

and hence -
€>P(x) —V(z) > P(x) — ¥(z) > —¢

for all z. This implies the claimed bound. O

Main steps:
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A. By Marshall’s lemma, for any concave function h, Hﬁn —h|| < ||F, —hl|.

B. Pr(A,) = PF{L%k") is concave on [0,00)} /' 1l asn — oo if k, =
(CoB1(F)n/logn)/3 for some absolute constant Cp.

C. On the event A,

|Fn = Fall = (1B =L + L —Fy
< |[F, — L[| 4+ L&) —F,|| by Marshall’s lemma (A)
= 2|F, — L{)|
= 2|F, — L§) — (F — L") + F — L0))

IN

20F, — L) — (F — L&) | 4 2|F — L))
2(Dy, + Ey).

D. D, is handled by a standard “oscillation theorem”; E,, is handled by an
analytic (deterministic) argument.

Proof of (1) assuming B holds. Using the notation of de Boor (2001),
chapter III, we have

Fp—F — (Lp— L) =F, — F — I,(F, — F).

But by (18) of de Boor (2001), page 36, ||g — I2g|| < w(g;|a|) where w(g; |al)
is the oscillation modulus of ¢ with maximum comparison distance |a| =
max; Aa; (and note that de Boor’s proof does not involve continuity of g).
Thus it follows immediately that

D, = |F,—F—(L,—L)|
= |Fp— F = I(F, — F)
< w(Fn - F;la) £ nY20(U,: Rp,)
where U,, = /n(G,,—I) is the empirical process of n i.i.d. Uniform(0, 1) ran-
dom variables. From Stute’s theorem (see e.g. Shorack and Wellner (1986),

theorem 14.2.1, page 542), limsupw(Uy;pn)/v/2pnlog(1/p,) = 1 almost
surely if p,, — 0, np, — oo and log(1/p,)/np, — 0. Thus we conclude that

IFy = F = (Lo = L)[| = O(n™ "2 \/py log(1/pn)) = O((n ™" logn)*?)

almost surely as claimed.
To handle E,, we use the bound given by de Boor (2001), page 31, (2):
lg — I2g]l <87 '|al?|lg"||. Applying this to g = F, Ir,g = L™ yields

1
IF = LW = ||F-LF| < glalzllF"ll
1 _
< (I = O((n M og /)
Combining the results for D,, and FE, yields the stated conclusion. O

It remains to show that B holds. To do this we use the following lemma.
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Lemma 6.2 Ifp, — 0 and 6, — 0, then for the uniform(0,1) d.f. FF =1,
P(IGa(pr) — pal > Bupn) < 2exp(~ Snpudi(1 +o(1)
where the o(1) term depends only on 6.

Proof. From Shorack and Wellner (1986), Lemma 10.3.2, page 415,

P(Gn(pn)/pn = A) < P < sup >
pn<t<1 t

where h(x) = z(logz — 1) + 1. Hence

P (W > A) < exp(—nph(1 + N))

where h(1 + \) ~ A2/2 as A | 0, by Shorack and Wellner (1986), (11.1.7),
page 44. Similarly, using Shorack and Wellner (1986), (10.3.6) on page 416,

PPl o) < p (R = ) < exn(cnpan(i - )

where h(1 — A) ~ A2/2 as A \, 0. Thus the conclusion follows with o(1)
depending only on J,. O

Here is the lemma which is used to prove B.

Lemma 6.3 If 3;(F) > 0 and v1(F) < oo, then for ky, large,

1 — P(A,) < 2k, exp(—nB3(F)/80k3).

Proof. For 1 < j < k,, write
T =Fn(a;) —Fu(aj—1), ANja=a; —a;_.

By linearity of Lglk")

kn—1 Tj Tyji1 kn—1
An:ﬂ{A’az b= I

1a
Jj=1 j+

on the sub-intervals [a;_1,a;],

Suppose that

A.
Tyi — 1/kn| < 6n/kn, i=3j+1;  and ﬁzws&l. (24)
J

Then
1-96, 1+96,

On
T ;> — = Th i1 <
kn 5 n,g+1 > kn ’

.
Fn
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and it follows that for ¢, <1/3

Aj+1a/ 1_571, 1_6n1+6n
> 1 n) >
(1+430,) > P

T .
J Aja - kn

> Ty jt1-

1436 > (1+46)/(1—=0) iff (1+25—36%) > 1+4iff §—362 > 0iff 1—-36 > 0.]
Now the A part of (24) holds for 1 < j < k, — 1 provided §,, < §1(F)/6k,, <
1/3. Proof: Since

d

—1/py _ a” 1
%F (t) = 7}0(1?_1(”) and dt2F (t) 73 (F~ (1)
we can write
_1,J+1 1] 1 1 1 —f
A= P~ P = o+ g (T
for some a; < ¢ < a;i1, and
1
—1
5= Fn f(aj)
Combining these two inequalities yields
Aj+]_a —1 ) _f/(g)
S0 > 1 ki) ()
L (=f') 1
> 1o (Fag) 214 A
= 1436,
if 0, = B1(F)/(6ky,).
Thus we conclude that
kn—1 kn—1
1-P(A,) = P(|J By, <> P(B;)
j=1 j=1

kn—1
< Y 2P(|Tny — 1/kn| > 6, /kn)
j=1

< kpdexp(—27'npn021 + 0(1))) = 2k, exp(—nBi(F)/80k3).

by using Lemma 6.2 and for k,, sufficiently large (so that (1+0(1)) > 72/80).
O

Putting these results together yields Theorem 1.1.
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